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4
Appendix to Optimal Fiscal and Monetary Policy under Sec-
torial Heterogeneity

4.1
Appendix A - The Firms’ Problem

Noting that § > 1, FOC from firms’ optimization problem is given by:

= oV (pey (2),.)
E 1710y = (),
t Z % @tJ apk,t (Z) 0

J=t

Taking derivatives and isolating terms py ;(2)/ Py, yields:

22N - it P, 7.9(V+1)Y 7‘,/_’_1
pee(2) % BB (anB)Y T et (4-1)
B j— _.—1p .0-1 -
o Ey 3252 ()™ (1= meg) CF° 1% PhjYk,j

4.2
Appendix B - Steady State

The government budget constraint in steady state is given by:

(1- P = iﬁffk -G (4-2)

Assuming debt and government expenses are non-zero in steady state
imply 7 > 0, for some k. Also, given p; 1 = 1 and zero inflation, all k. It is
clear that , Y, = m;Y, which imply (5=3) becomes

(1-83)0" +G=7Y, (4-3)

_ K _ .. .
where 7 = ) ","_, my, 7. From the firms maximization problem:

K, = F,.
Using definitions for both terms:

O —w, . —VU\V — ~\ 9
g — 1Mk Yy =01-7) (C) ) (4-4)
which implies that sectorial tax rate is given by
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~ ON AN S
Tk:l_@—l'uk (C)’ v, (4-5)
which only depends of aggregate variables and sector specific parameter fi;’.

We assume that steady state wage markup is the same across sectors, that is
py = p®, all k. In this case, steady state distortive tax rates are the same

across sectors, that is

T =T,k (4-6)
Once one considers an always-possible normalization ¥ = 1, the only
restriction made is that the level of consumption over GDP should not be too

high in order to tax rates to be positive. Equations

%ww e e (47)
and (4=3) define the aggregate output level in steady state as well as the
aggregate tax rate, as in Benigno and Woodford (2003).

Define the set of commitments X; = {Ky,, Fir, Wi}, all k, and let X
be the set of initial commitments that make policy optimal form a timeless
perspective. The centralized policy maker chooses a sequence of X, = {II,
Oee, Vi, Yoo, Frr, Ko Wiy Diey Tos b), pri}, all k, for ¢ > 5 in order
to maximize the representative consumer’s utility subject to the constraints
given in the main text and taking as given the initial commitments X, and
the initial conditions Z_y = {b*,, Ak 1, pr—1} for every k and ¢ > t,. In order
to impose constant commitments X, = X we consider additional restrictions
such as the first order conditions for the problem in ¢ = ¢, are equivalent to
the first order conditions for a generic t > 0. Consider the set of Lagrange
multipliers corresponding to equations in the main text. In order to complete
the proof, we need to show that first order conditions for the indicated steady
state are satisfied for time-invariant Lagrange multipliers. After taking FOCs
from maximization problem, it is possible to show that the system of steady
state variables and time-invariant multipliers is just-identified. Complete proof

is given in the Technical Appendix.

4.3
Appendix C - Second Order Approximation to Utility Function

43.1
Second Order Approximation of Utility Function

We start with a second order Taylor expansion of the representative

consumer’s welfare function where & refers to the full vector of random
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disturbances, as in Benigno and Woodford (2003). We start by working with

u (Y, &). Define hereafter, for any variable X, X, = X’EX, X, = log %

It is know that the following relation holds up to second order:

~ N 1 -
X, ~ X, + §Xf. (4-8)
Given the functional form assumed, we have:
R S
i u (}/157 §t> - O_UYD/t - 55}/;2 + 0-5Yth] + thS + 027 ) (4_9>
where GG, represents the absolute deviation over GDP. Defining s¢ = %, yields

1. . ,
u (Y, &) =C7°Y]Y, + 51/;2(1 —05a') +0sc Y,Gy + tips + 0. (4-10)

A second order Taylor expansion of v (Yj,, &) Ak around steady state

values yields

_ ~ _ SN 1~
v (Yk,t> ft) Ape = v (Yk7 @ Apy+ Vy, (Yk, Q Yk(Yk,t + §Yk2,t) + (4‘11)

1 _ . _ L
+50v (Vi §) Y2 (V) + oy (Yo &) Ve (Vi) At +

2
+Vy¢ (Yk; @ Yk(Yk,tdk,t) + Ve (Yk, g) Ak.t(dk,t) +
+tips + O},

Using the definition for Aj; one can show that Ay, is a term of second
order. In this sense, interactions between Ay, and ay, or Ay, and Yy, can be

ignored up to second order. Hence, expression (5=9) simplifies to

V.17 A 14+v

oot kit < . ~ .

(Vi€ B = 3 [ 2] (B VT2 (1) i st O
(4-12)

once one notice that A2, is of higher order than O2. Using a second order

Taylor expansion over the law of motion for sectorial price dispersion given by

0(1+v)
, 1 — ozkﬂafl 6—1
Agy = OékHZEtH Ao+ (1 — ay) (u—ak)t (4-13)
— Q
yields
N ~ 1 (e
Apy = Qi1+ §m9(1 +v)(1+ 9”)”13,15 + 02, (4-14)

once we used the relation Il ; = m, + %W%t , where 7, ; is the percent variation
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of sectorial price level 7y, = log Py +/ Py 1. Iterating backwards yields

t

~ A 1 . —j

Apr=al "Ny 1+ c———01+v)(1+0v) Y a7, +03. (415
k.t k k.—1 9 (1 _ ak) ( )( )]go k k,j P ( )

Here we consider the sectorial price dispersion in the remote past as a "term

independent of policy”. Further considering that it is possible to change

positions of sums over ¢ and k on (5-10)), and re-ordering the terms:

G t A o 1 Qg = t 2 . 3
Zﬂ Ayt = 5(1 a1 = akﬁ)6(1+u)(1+81/) Zﬂ T Tlips+0,. (4-16)

t=0 t=0

Substituting (5=11]) over (B=10) yields

v (Yk,ta ft) AV

Vi 1™ 1 apb(1+6v .
A |:ﬁ:| §< i ( ) 7r137t+yk,t+

Mt 1 —a)(1 = axp)
1+vs, o . ,
+ Yk,t - (1 -+ l/)Ymak,t} + thS + Op'

This way, we can approximate the representative consumer utility up to

second order by the following expression:

o0 . 1—&) . o
Uy = QE, Y B7"{Y,+ (1-9) Y2 +6Y,G + (4-17)
t=to
K 2
o m N 14+va-
=3 (1= B) R Vi — V2,
1 R 2
—(1 + ’/){/k,t&k,t]} + tips + Og,
where
QO=C""Y, (4-18)
(1 —ag)(1 — axp)
= 4-19
& =osyt (4-20)
and
—1(1 -7
(1-d)= 6-1(1-7) (4-21)
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4.3.2
Second Order Approximation to AS Equation

The starting point is the expression for the sectorial non-linear Phillips
Curve, given by:

1+4+6v

1 — Oéng’_tl ot _ Fk,t (4_22)
(1 — CYk) K]%t.
We define V;; as
1-— OékHZ_tl
Vi, = — 5 4-23
= T (4-23)

Using a second order Taylor expansion on Vj ;:

~ __ak(G—l) 1 (6’—1) 2 3
Vit = (1 —ar) |:7Tk,t T3 (1= Oék;)ﬂ-k’t + 0y (4-24)

Considering the expression for Ky, define Iy, s = Py s/ Py, where s >t
is some date in the future and Fj; the aggregate price level in sector k in
period t. We use a second order Taylor expansion:

o0

. o 1.
Ko = (1= Bor)Er > ()Y ™" {hny + 5k;j} + O3, (4-25)
j=t
where the term l;;k,t can be defined as /;:k,j = 0(1+V)7Tk’t’j+(1+V)Y/k7j—<1+V)€Lk’j.
Taking the expression in the text for Fj; given by (6-22]), we define the

net revenue factor as I'y ; = 1 — 744, and taking second-order Taylor expansion:

e’} ) 1 )
Froo = (1= Baw) B Y (o)™ {fuj + 5f,§7j} +03. (4-26)
j=t

A ~

where we define fi.; = Tp; — 0Cj + Yij + Py + (0 — 1) 7.

Using Fk,t, IN(k,t, as well as Vk,t, Fk,t and [A(kyt,after some algebra, we get:

ov] SR
[19_‘__ 11/] Vit = (1 — Boy,) By Zt (B " {lze; — (1 + Ov) ey ;] +

by i = (L4 80)m ] Ko + [0 = 1)+ 001+ )i}

o0

] Via(1 = Ban) B (o)™ { Xy +[(0 = 1) + 01 + v)]mee ;) + Op,

j=t

B 1+ 0v
2 6—1

where

Xk,j = fk,j — Uéj + (2 + I/)}/}k;,j + ]5]@7]' - (]. + V)dk,j + ﬂ}ﬁt, (4—27)
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fk,j — l%k,j =Zkj — (1 + ey)ﬂk,t,j (4—28)
and
kg = ka — O'éj — l/Yk’j —|—ﬁk,j + (1 + V)CALkJ' — [L}:’t (4—29)
Define
Zha = By (@BY ™ { [ Kig + 10 = 1) + 00+ »)]mas |} (4-30)
j=t
We can replace in the expression above and after some algebra we get:
(1+6v) . -

Vit (Trtt1) = (Tpt1) B Z (@kﬁ)j_t_l {Zk,j_(l"‘eV)(Wk,t,j)}jLOg

(9 - 1)(1 - 60414) j=t+1
(4-31)

We can use the definition for Vk,t and replace above, also ignoring the terms

Og or of higher order:

1 1L@O-1 , 1(@-1

— R | Tkt + 5(1_—ak)ﬂk,t — pBE 41 — EmcxkﬂEﬂZ,tﬂ
1 A a3
2kt T ézk,th,t —(1+ ey)mﬂtﬂk,tﬂ +
1 B s
_5[(9 —1)+0(1+ V)]_Etﬂ-k,t—i-l +
K

1
_5(1 + 0v) (i) Et[Tk 141 Z041] +

1(1+0v)aqy
+§ﬁ [Tkt 2kt — BE Tk 441 2k 041)] + 057

where we have defined kj, elsewhere.

Further simplification yields

1, (0-1) , 1(0+00)oy

_ /{‘,I;lﬂ'ki — 5/{; (1_—ak)7rk7t — 5 (1 — ak) ﬂ-k’,tZk,t
1 A _
= Zpt + §Zk:,th,t — Ky, 15Et7rk,t+1
1 . (-1
5" l{m +6(1+ v)}BEm; 114
1(1+6v)ay 3
—— 2 "3F 7 O:.
> (1 —ay) BE Tk 1412k 141) + "

Multiplying both sides for —xj allow us to write above expression as
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1 N 0(1+v
Vit = —Kie{zis + §Zk,th,t} + %W“ + BE V41 + 02, (4-32)
where:
( 1) 1 RO
_ _ 1 9(1 —_— T+l 4-33
Vk‘ 7Tk‘t+ {(1 —« ) + ( +U)}7Tk‘t+ 2(1 _ak) [ﬂ-kvt kat] ( )

A second order Taylor expansion of log(1 — 74 ;) yields

log(1 — ) = log(1—7) — — 7~ LT 22 08
o) —T14) = lo —7) — T ———7’
g k.t g 1 _ -kt 2(1—7) k.t
which can be recast as
. R 6 1
Fk,t:_éTk,t_ﬁQ kt 03

Log-approximation on consumption as a function of aggregate output

and government expenses yields:

v ~ 1
C, = sgt —scht+ —sgt(1— sal)YtQ—5351(1—1—351)(;2—1—302}/}(?,5—1—03 (4-34)
Using both results, one can be generally express (5=26)) as

- 1 . 0(1 4 v
Vk,t = Eto Z 6J t{—:‘ik[zk’t + §Zk,th,t] + g

j=t

Tro} + tips + O (4-35)

One could finally note that a first order approximation to (5=29) yields
the known Phillips Curve of the form:

The = f{(6—n~ ) (V+7771)}>kt+57ﬁkt (4-36)
—0 t_( + )akt+ﬂkt}+5Et7Tkt+1+O

4.3.3
Second Order Approximation to the Budget Constraint

We approximate the intertemporal government budget restriction by a
second order Taylor expansion. Taking the definitions of the intertemporal
government budget constraint and primary surplus and making a second-order

approximation, we get:
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- Sl - 1 - -
W, = (1 - B)E; Zﬁj_t{—a(]t + 5 + 50(0 +1)C} — 0Ci5} + O (4-37)

J=t

It is also easy to show that Wt = l;f_l — cré't — 7 and W =W+ %W—I—Og.
Then, we can re-write W, as:
- ~ ~ 1 - ~
Wt = bzll — O'Ct — T + E(bril — O'Ct — 7Tt>2 + Oﬁ (4—38)

The approximation to the primary surplus is

K
- iAo - 1, . N . 1 4
Sq8t = Z i T[(Th + Drt + Yie) + §(Tk + Pt + Yir)] — G — éGf +03, (4-39)
k=1

where s; = % and 5 = Zszl 7V, -G =7Y - G.
Hence, the second order approximation for the intertemporal budget

constraint can be obtained from the above expressions. One can notice that a

first order approximation yields:

AI =Y -Gy —m = (4-40)
(1-— Et263 t{sd me’ Tr + Dit + th]
j=t
+(6 — 5,1 )Gy — GV} + tips + 0
where py, is a function of sectorial and overall outputs.

4.3.4
Aggregate and Sectorial Output Relation

Sectorial demand expressed is pZ,t = myY:/ Yy and log-linearized as

oo =17 (Y = Yioa), (4-41)
which establishes an exact (inverse) relation between sector relative price
and sector relative product. Also, using py: = Hnifpk,t,l and Htk77 =

Zli(:l my, (Hk,tpm—l)l*" one gets

Zml/ny” b/, (4-42)

which relates aggregate and Sectorlal outputs. Log-linearization of (5=32]) yields
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.1
Yo+ o(—n kath+ kath+03. (4-43)

k=1

4.4
Appendix D - Elimination of Linear Terms

4.4.1
Matrix Notation

We invite the reader to check out the complete version is available in the

Technical Appendix. We start by defining

- |: }A/; }>1,t }A/Kﬂg 7T1’t ﬂ-K,t 721’{/ 7A'K7t :| 5 (4—44)
§=1 Gty o odxe @Y B | (4-45)

For notational convenience, we also define the following terms: v = 1+ v,

1 -1 1
,O'_O'SC,§_O' n (5_1,and —we=1-5,.

wy=1-n"Y x=v+n
Using the definitions above, expression (5=12) can be written in matrix

notation as

= 1
U, = QE,, Z Bt f Al g, — §$;Amazxt — 2y Ae&s} + tips + 02 (4-46)
t=to

where A,, A,,, and A are, respectively, (3K + 1) x 1, 3K + 1) x (3K +1)
and (3K + 1) x (2K + 1) matrices.

The Sectorial Phillips Curve expressed in (5=29) can also be written in
matrix notation. We start by substituting expressions for py; into definitions
for zz, and Xj,, underlined in (5=23) and (5=22). Our aim is to separate
quadratic and linear terms. Quadratic and linear terms of random disturbances

are placed into tips. After some manipulation one obtains:

Vk,to = Eto Z 6J_t0{0:/v?k$t + §IQsz,kxt + $£O§7k§t} -+ tlpS —+ Og (4—47)
Jj=to

for a generic sector k. As in (B=44)), matrices C,j, Cyppr, and Cgy have,

respectively, dimension (3K +1)x1, (3K+1)x (3K +1) and (3K+1)x (2K+1).

The government budget constraint can also be simplified in matrix

notation. Taking expression given in (4=37), we eliminate references for py,
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and replace C; and s; for their expressions in terms of endogenous variables z;

and exogenous processes &. Grouping linear and quadratic terms, yields:

1
— &} Bogy + 7, Be&} + tips + O] (4-48)

Wiy = (1= P)Ey Y # " { B +

Jj=to
where, as in (5=44) and (5=48), matrices B,, B,,, and B¢ are, respectively, of
dimensions (3K +1) x 1, BK +1) x (3K +1) and (3K + 1) x (K +1).

Finally, (4=43]) can be expressed in matrix notation as

oo

. 1
=" Hw + QxQmet} +0; (4-49)
j=t
where we have used the fact that the definition for aggregate output in terms

of its sectorial counterparts expressed in ([=43) is valid at all dates. Matrices
H, and H,, have, respectively, dimension (3K +1)x 1 and (3K +1)x (3K +1).

4.4.2
Elimination of Linear Terms

In order to eliminate linear terms in (5-=44]), we need to find a set a

multipliers 9¢, ..., 95, 9p, 9, such as
ICY + . +I9ECE + 9B, + Iy H, = A, (4-50)
By solving the linear system of equations, one gets the following set of
solution: ¥ = —% 19H =1- HT and, for every k, 9% = %}:T)T, where we

have used the fact that 7 = 7y, all k, and defined: T = (¢+x)(1 —7)+7s4—T

and 2=¢(1—7)+dsq— 70"

Hence, using relations (5=44)), (5=48)),(@=48), (5=52), and (B=57) one can

write:
o0 [e’s) K
Ey Y Az, = Ey Y F°D> 06CY + 9B, + 0 H, )z,
j=to Jj=to k=1
= —Fy, Z ﬁ]_t0{§m;Dm$t + x;;Dégt} +
Jj=to
19 W,
Zﬁ Vet + 7 (4-51)

—B)’
where Dyy = Y 98 Chu + V5 Bas + Vg Hyp and De = 3,0 9ECE + 05 B

We use this last relations in order to rewrite (5=44)
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o0

1 .
Uy, = —QF, Z 6t_t°{§x;Qmmt + 2,Q¢&} + Ty + tips + O3, (4-52)

t=to

where

19 W,
_Q{Zﬁcvmo b ;)

is a vector of predetermined varlables. Deﬁmtlons of Qzz and Q¢ in terms of

s (4-53)

parameters of the economy defined in the Technical Appendix. As in Benigno
and Woodford (2003) and Ferrero (2005), references to sector tax rates have
been eliminated. Only references to sectorial inflation measures, sectorial and
aggregate outputs remain, which imply (5=59) can be simplified further by
getting rid-off tax rates references and by separating terms referring to sectorial
and overall outputs from references to sectorial inflation. Proceeding in such

fashion yields

Q= « ~ ~ :
Uiy = —5 o Z gt {x;,tofcy,t + 21’;,,5@557& + x;,thxw,t} + Ty, + tips + 02,
t=to

(4-54)
where 7, is a K 4+ 1 x 1 vector containing only references to aggregate and

sectorial outputs measures, and x.,; is a K X 1 vector containing only sectorial
inflation measures and Q,, Q¢ and @, are matrices of coefficients. From (5=63),

we now focus on the term:

K K
x;,toxy,t = q,Y; + Z kakakQ,t +2 Z MGy Ye Yt (4-55)

where ¢ terms are combinations of the parameters of the economy defined in the
Technical Appendix. Under the assumption that wage markups is steady state
as well as markups over marginal costs are the same across sectors (i) = g%
and 0, = 0) , q coefficients are all independent of k. We use the following
lemmas in order to simplify (B=64]) further:

Lemma 17 The following expression relating sum of sectorial output vari-

ances and covariances of sectorial outputs and aggregate output is of third

order. K K

Vi muYe =Y mpYe, =03 (4-56)
k=1 k=1

We present the proof in the Technical Appendix that can be downloaded

in the Internet.
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Lemma 18 The following expression is, at least, of second order:
K
Y=Y myYi, =03 (4-57)
k=1
The proof follows directly from (4=43)).
Lemma 19 The following expression holds:
K
[Yt - Z kak,t]Gt = Oﬁ- (4‘58)
k=1

The proof follows from proposition above plus the fact that all exogenous

processes are O;.
Lemma 20 The following expression is of third order:
K
V2= omYR, =05, (4-59)
k=1

The proof follows from the Technical Appendix.

From (5=64]), and using (5=80) and (F=59) one gets:

K
2 Quye = Ay, Y mpY, + O3, (4-60)
k=1
where
Ay = Gy, + 20y, + qy- (4-61)

From (5=63), we focus on the term:

K K
2, Qe& = 0,cViGitaye Y MY Gt Y Vel y,a, Ghit Gy fing] . (4-62)
k=1 k=1

where ¢- coefficients are defined in the Technical Appendix. Using (4=58) we
get:

K

x;,t@gft = Z MY+ [q;kGGt + Qyap Okt + Gy ik ) + Og, (4-63)
k=1

where

Gy = WG + GyG-

Replacing (6-=79) and (5=83)) over (5=63) yields the expression for the
second order approximation for the utility function:
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0 00 K K .
Uto = — 5 Ly Z ﬁt_tO{Ayk Z mkylz,t_l_z mk>\k77r7T/%7t}+71t0 +t2p3+027 (4_64)

2
t=to k=1 k=1
where
Yt = Yie — Y5, (4-65)
and
_yk*,t = /\g;kl[(QyG + kaG)ét + kaakdkvt + kaukﬂk,t] (4'66)

all k£, and, most importantly, A,, and A . provide the weigh of each of these
terms in the welfare-based criteria. Besides the complete definition of such

terms, the Technical Appendix addresses the conditions for concavity.

4.5
Appendix E - Definitions of Homogeneous Case

The typical policy restrictions are given by a new keynesian Phillips

Curve and a government budget constraint, respectively:

= k[0 + V)Y + 6(T — 7)) + BEm + (4-67)

bry — oy — i = (1= B)[(F — 77) + byys] + BE[b; — Gyrr — men] + G (4-68)

where ij is defined as the debt at maturity at date t, or lA);f = l;t + Rt, where f?t
is the gross interest rate. Other variables are defined according to the notation
of our model given in Section 2: 6 = os;', sg' =Y /C, b, = 7Y /(7Y - G) -5,
and 6 = 7/(1 — 7). Hat-variables are defined as steady state levels. The shock
terms such as (; and u; are linear functions of aggregate government expenses,
productivity and wage markup shocks. Finally, 7 is the tax rate target, also
defined as a linear combination of exogenous shocks®

Definitions of the coefficient of the optimal targeting rules are given, in

terms parameter in the model presented at Section 2, as

wo = =AML= Bsy (1= Pk 41 (4-69)
ne = —\, ' (4-70)
mp = A (53 (1= 7) +b,)(1— 8) + 5] (4-71)

Details in Benigno and Woodford (2003).
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4.6
Appendix F - Log-linear Approximation of Restrictions

4.6.1
Definition of Target Variables

Explicitly using the assumption that sector specific tax rates as well as
wage markups in steady state are the same across sectors, we can define the

target level of aggregate output using (5-84)):

_Y;t* = )\;kl[(qu + kaG)Gt + kaakdt + qykuklat] (4‘72)
where ¢- coefficients are defined in terms of the structural parameters of the
economy and a; and f[i; are respectively defined as: a; = Zle myag,: and
~w K Nw
Ay = k1 Mgl 4
4.6.2
Aggregate supply and cost-push disturbance term

Adding and subtracting, respectively, the terms referring to overall and
sectorial output targets with the appropriate coefficients yield over first order

approximation of AS equation yields

Tt = kel (T =0 Ve + (W + 0kt + (e — To0)} + BETh s + wny, (4-73)

for every k, where the definition for the cost-push term wy, is a function of

sectorial wage markup shocks:

uy = rx[l — (v + n_l)A;kIkauk]ﬂ%’,t (4-74)

and

- 57:1:,75 = —[(6+ V)/\;kl(QyG + qy.c) + ﬂét — (60— 77_1>/\;kIkaukﬂ;€4‘75)
_(& - 77_1))‘;k1kaak&t - [(V + 77_1))\;k1kaak + (1 + V)]&k:,t-

can be understood as the target level for distortive taxation in sector k and g-
coefficients are defined in terms of the structural parameters of the economy.
Averaging across sectors allows us to determine the generalized aggregate first

order approximation for the AS equation in (I=34)), similar to Carvalho (2006).

4.6.3
Budget Constraint and fiscal disturbance term

We start by taking a first order approximation to expression (Z=31),
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yielding

[e.9]

K

by =6V —G)—m = (1-p) > B70{b Yt Tss" Y mlfe+wy Ve +b6Gi},
t=to k=1

(4-76)

where we have defined for convenience the terms 531, b, and bg, respectively,

as s, = =5, b, =577 =&, and bg = & — s, Expression (Z=76) can be

written in recursive terms. Using the definition for aggregate output in terms

of sectorial outputs and the definitions for target variables given in (5-84]) and

(E=T5)), we get:

K
by —byye —m + G = (1—P)7s; " ka(%k,t — Tpt) + BED; — GYri1 — Tyl
k=1
) (4-77)
where b, =5 + (1 — 3)(b, + Twy,s; ") and
G = w{Gh+ wiay + ot — w§ BiGiyy — w3 By — W B, (4-78)

where W W&, w4 WY, W' and Wi are defined in terms of the structural

parameters of the economy.

4.6.4
Aggregate and Sectorial Output Relation

First order approximation to (4=43)) combined with the redefinition in

terms of deviation from aggregate and sectorial output targets, yields

K
Yt = Z MEYk,t- (4-79)
k=1

4.7
Appendix G - Optimal Solution with Commitment

For simplicity, define: 7, = 74, — 74 ,. Setting up the Lagrangian:
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1 00 K K
max —E, {Y B\ MiYn, + Y MiAeaTr
to Uk kYt kAT 4

k=1 k=1

{TE T e s T8 YL 5o s YK 25T L 0o T 50F 2 t—to

+2m1Mft{7TLt —r[(6—n Dy + (v + nil)yl,t + 0T14) = B0 — Ui} + -

K
F2M{b; ) = byyr —m — (1= B)7s, ! ka%k,t — BEb; — 0yry1 — T + G +

k=1
K K
+2M [y — Z MyYk,t] + 2M[ [ — Z miTe
k=1 k=1
K
+2> M (=] + 2M° o] + 2M°  [Fy0)
k=1

where M denotes the multiplier of equation referred to variable z and where
the last line correspond to the preconditions that allow the problem to be valid

for all ¢ > 0. FOCs with respect to m x, T, Trt, Yt, Ykt and b are, respectively,

given by:
ArgiTege + My, — M7, = M, (4-80)
M7 = My — M, (4-81)
yp, = ap=D0=8) (482)
: Py
— i m M7 k(6 — 07t — MPb, + Mp 6+ M} =0, (4-83)
k=1
MYt — M (v + 071 = MY =0, (4-84)
M} = EM},,, (4-85)

plus the problem’s constraints. Substituting (4=81) and (4=82)) into (Z=80) yields

the law of motion to sectorial inflation in terms of debt Lagrange Multiplier
Mp:

e = Yp (M} — M), (4-86)
where N
b K‘/k
From (4-83)),
MY = & M — &M |, (4-87)

where &, = b,— (1-7)(1—0)s; (6 —n") and ®; = . Taking (@=S4), replacing
for M7, from ({=82)) and isolating for yj; yields
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Ykt = C,OlMtb - <,02Mf,1, (4‘88>

where
o1 = X 81— (1= 7)1 B v +771)]
(102 = )\;kléQ.

Summing up across sectors yields the aggregate output in terms of debt

Lagrange Multiplier:

yr = S M) — S M}, (4-89)
where we defined coefficients »; and X5, respectively as 31 = 1 and Yo = 5.
Finally, it is relevant to notice that under commitment, optimal solution

imply that policy is conducted in such a way that:

Etﬂ-k‘,t-i—l = 0, (4—90)
every k. In order to see this, we take leads in (4=86]), apply expectation and
use relation (4=8H). In its turn, ([@=90) for every k imply the same behavior for

aggregate inflation, or:

Etﬂ-t—i-l =0. (4—91)
Also, for very k, (4=86]) and (4-88)) imply

Ay = w_ﬂ-kz,t - ¢—Wk,t—1 (4-92)

¥1 ©2
T ™
k k

and the aggregate relation

Py Y
Ay, = w_iﬂ-t - Jiﬁt—ly (4-93)
where
K
U=y
k=1
4.8

Appendix H - Figures and Tables
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Figure 4.2: Effects of a Fiscal Shock on Sectorial Variables
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Figure 4.3: Effects of a Cost-Push

Variables
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Table 4.1: Welfare losses under misperception of heterogeneity in price sticki-
ness (% difference from 1st best in steady state equivalent consumption)

Reference for parameter estimation

Low Variance

High Variance

Smets and Wouters (2007) 0.0223%
US: 1966Q1 - 2004Q4

Smets and Wouters (2005)* 0.0567%
US: 1974Q1 - 2002Q2

Smets and Wouters (2005)® 0.0523%
Euro Area: 1974Q1 - 2002Q2

Justiniano, Primiceri and Tambalotti (2008)° 0.0380%

US:1954Q3 - 2004Q4

0.2051%
0.4895%
0.4449%

0.3475%

*Wage markups are estimated as random noises instead of AR(1)s.

®Only neutral technology shocks considered.

Table 4.2: Welfare losses under homogeneous taxation (% difference from 1st

best in steady state equivalent consumption)

Reference for parameter estimation

Low Variance

High Variance

Smets and Wouters (2007) 0.0014%
US: 1966Q1 - 2004Q4

Smets and Wouters (2005)* 0.0007%
US: 1974Q1 - 2002Q2

Smets and Wouters (2005)* 0.0007%
Euro Area: 1974Q1 - 2002Q2

Justiniano, Primiceri and Tambalotti (2008)° 0.0027%

US:1954Q3 - 2004Q4

0.0023%
0.0034%
0.0031%

0.0043%

*Wage markups are estimated as random noises instead of AR(1)s.

®Only neutral technology shocks considered.
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5
Appendix to Stabilizing Inflation under Heterogeneity: a
welfare-based measure on what to target

5.1
Appendix A - The Firms’ Problem

Noting that § > 1, FOC from firms’ optimization problem is given by:

N i 00 (P (), )
j—t . J ) ) —0- _
Et;ak O e 0; (5-1)

taking derivatives and dividing resulting expression by 1 — 6

0 wii(z) Pj Py
1—9 CL].CJ' Pk7jpk7t(z)

-0
Et Z O{i_t@t pk,t(z) }/;i;d{l + = 07

using expression in the main text for labor supply, production function and

discount factor:

T ()
j—t Y5 Dkt
EtZ(Oékﬂ) P P Vi {1+

J

j=t
) yk,j(Z)y 1 Pj Pk,j
-0 C;° aZEl Py pri(2)

+ Kk, j 1
using expression for demand for good z in terms of sectorial aggregates and

isolating terms py ¢(2)/ Py .

pk7t(2) 1+6v o] Cj—o' Pk;7t —0

E I Y =
P tz(akﬁ) P P, k.

j=t

9)\ » 0o . Pk '1+9(V+1)}/;€ v+l 1
g By (s

= Py
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i Lt P, D)y vl
pk,t(z) 14+-0v B —9 my, Et Z] —t (akﬁ)] Hi,j P]Zi ak,j (5 2)
Fu B (ond) G Vi

5.2
Appendix B - Steady State

There is a steady state characterized by zero inflation and constant values
for all variables, where exogenous disturbances also assume constant values,
that is: € = {G, ag, Jix, &}, where a, = 1 and iy, = g > 1, all k. We
focus particular attention to a steady state with positive real debt, that is
b_, = b > 0, price dispersion equals one, Ag_q = A, = 1 and relative price also
equals one, py _1 = pr = 1, all k. Consider the government budget constraint,

which in steady state is given by:

1-8)b=7—-G. (5-3)

Assuming government expenses are non-zero in steady state (i.e.: G > 0),
imply, according to the hypothesis of a Ricardian regime, that 7 is determined
directly from (5=3) and proportional to both G and b. From the firms’

maximization problem, considering II, = 0, all &:

K, = F,.
Using definitions for both terms:
O\
StV = O, (5-4)
From ([2=I8) in the text, Y}, = m;Y, which implies that
B O\ —1/v+o
Y = [is.” -
[ s, } , (5-5)
while s, is defined as
se=C/Y,

which is determined through the market clearing and the fact that G is positive
and exogenously given. Therefore, Y and C are defined by the equations above

in terms of the parameters of the economy.

5.3
Appendix C - Approximation to Welfare Criterion


DBD
PUC-Rio - Certificação Digital Nº 0510696/CA


PUC-Rio - Certificacé@o Digital N° 0510696/CA

Three essays on monetary economics 96

5.3.1
Second Order Approximation of Utility Function

I start with a second order Taylor expansion of the representative
consumer’s welfare function where & refers to the full vector of random
disturbances, as in Benigno and Woodford (2003). Define hereafter, for any

variable X,

- X - X
Xt = t— s
X
. X
X; = log ?t

It is know that the following relation holds up to second order:

~ N 1~
X, ~ X, + §X§. (5-6)
Given the functional form assumed in the main text for the utility

function, define

(Y't _ Gt)l—a

l1—0

u (}/;hgt)

A second order Taylor expansion yields:

- Y - Y - -
(V&) = C VY, = S5V o zViG +tips + 0. (5-7)

where G, represents the absolute deviation over GDP. Defining s¢ = C/Y,
yields

U I - ,
u (Y, &) =C7°Y[Y, + §Y;2(1 —05¢") + 055 Y,Gy] + tips + O (5-8)

Define also:

A Yie 1M
Y ALy = : Ap
U (Yit, &) A T {mkak’tl k.j

A second order Taylor expansion around steady state values yield

_ 5 R 1.
0 (Yt &) Ak = v (Y, &) Aps + oy, (Vi §) Vi (Ve + éyk%t) + (5-9)

1 _ . A~ _ N -
‘|’§UYkYk (Yk, f) Yf(YkQ,t) + vy, (Yk> 5) Yi(Yir)Aps +

+Vye (Yk, @ Yk<Yk,t&k,t) + Ve (Yk, é) Ak.t(&k,t) +
+tips + O;.
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Using the definition for Ay, one can show that Ay, is a term of second
order. In this sense, interactions between Ay, and ay, or Ay, and Yj; can be

ignored up to second order. Hence, expression (5-9) simplifies to

1+v

}7 14+v R
0 (Yo, €) At = A {—’“} (Bt g
my

11v }A/k%t—(1—{—1/)%715&&75}—‘—'[;@]?3—{—02,

. (5-10)
once one notice that Ai’t is of higher order than Oﬁ. Using a second order
Taylor expansion over the law of motion for sectorial price dispersion given by

(2=29)) in the main text yields:

A « 1 o
Apr = apDpi + = b

2 3
2= ak)e(l +v)(1+ Ov)mp, + Oy,

once one uses the relation I, = m; + (1/2)77, , where 7, is the percent

variation of sectorial price level m; = log Py /Py 1. Iterating backwards
yields
1 « ¢
A, — AEmTA k t—i 9 3
Ape =0 Dra+ §m9(1 +v)(1+0v) jgzo a4+ O3,

Here it is convenient to consider the sectorial price dispersion in the remote
past as a "term independent of policy”. Further considering that it is possible
to change positions of sums over ¢ and k£ on (5=10]), and re-ordering the terms:

[e.9] o0

tA L Ok t 2 - 3 (k.
;ﬂ Aue=357 _ak)(l_ak5)9(1+u)(1+gu);67Tk7t+tzps+0p. (5-11)

Substituting (5=11]) over (B=10) yields

Vie] ™1 ab(l+0v)
Y, Apr =N |— = Y;
0 (Ye, &) Ars {mk} {2 (1= )1 — and) Tt T Yt T
1+v

YkQ,t — (14 ) Yislny } + tips + o,

Considering expressions for u (Y;, &) and v (Yi¢, &) Ay, We can approx-
imate the representative consumer utility up to second order by the following

expression:
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S (1-9)

Uy = QE,» B0+ V2 +6Y,G, + (5-12)
t=to
K 2
g m + v
= = )R Y R+
Kp 2 ’

where
Q= C_*_"}_/, (5—13)
(1 — Oék)(l — Oékﬁ)
= -14
G =o0sy (5-15)
and
f—-11
1—-P)= —-— -1
(1-2)="5—. (5-16)

where feasibility constraint in (5=4]) was used to eliminate inconvenient terms in
v (Yit, &) Ayt Following Benigno and Woodford (2003), we seek to eliminate
linear terms by obtaining second order approximations to all equations that

describe the economy.

5.3.2
Second Order Approximation to AS Equation

The starting point is the expression for the sectorial non-linear Phillips

Curve, given by:

14+60v
1—a H@*l -1 )a
. (5-17)
1— oy K+
We define V;,; as
1-— akﬂzzl
Vi, = ——— B 5-18
= T (5-18)

Using a second order Taylor expansion on Vj ;:

~ ak(9—1) 1 (9—1) 2 3
= - O:. 5-19
k.t (1 — ak) Tt + 9 (1 — Oék)ﬁk,t + p ( )
Considering the expression for K} ; define Il ; s = Py 5/ Py +, where s > ¢
is some date in the future and Py, the aggregate price level in sector k in

period t. We use a second order Taylor expansion:
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o0

N L 1.
R = (1= Bon)B Y () g + S0} 0% (520
j=t
where the term l%k,t can be defined as
k= 014 )mrs, + (1+ )V, — (14 )i

Taking a second order Taylor expansion of (G=22)) in the text:

[e.9]

Fkt— (1 — Bay) Etz Oékﬁ] t{fk]+ fk]}+ (5-21)
J=t
where we define

ka = —Uéj + Ykﬂ' +ﬁk,j + (9 - 1) 7Tk,t,j‘

Using Fk,t, f(k,t, as well as Vk,t, Fk,t and Kkﬁt,after some algebra, we get:

1+ 0v
0—1

]v,ﬁ_a—ﬁak Z g — (14 90) ] +

+ % 2y = (L4 00) 5] (Ko + (6 = 1) + (L + v)]mi ]}

1{1+6v] ~ ad RN
5 || Va8 B Y (a6 = D010 1403
j=t
where
Xy = —0C; 4+ (24 )Y, + Prj — (1+ V)ary + firs, (5-22)
fk,j — l%k,j =2, — (1 +0v)mp 5
and
2k = —Uéj — I/Yk’j ‘|‘]5k,j + (1 + V)CALkJ — [Lk,t- (5—23)
Define
Zha = Be Y (@B " {[ Ky + 10 - 1) + 00+ V)mess |} (5-24)
j=t

We can replace in the expression above and after some algebra we get:
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o0

(1+6v) o BV L (1l (e VAP
0= 1)1~ fag) ot (her) = (T B Y (B oy (1400) (mh) 1405

j=t+1

(5-25)

We can use the definition for Vk,t and replace above, also ignoring the

terms O} or of higher order:

_ 1(0—1) 1(0—1)
_ /{kl Tkt + imﬂit — akﬁEth,t-i-l - émakﬁEtWiH_l =
1 ~ akﬁ
2ot + =2k Xpr — (1 + 0V)———<FEym +
kit 9 kt<\kt ( )(1 — Oékﬁ) tTk t+1
1 I6] 9
—5l6 1) + 001+ V) =B}, +
R

1
- 5(1 +0v) (arf) Et[Th 441 241+
1(1460v)oy

2 (1 _ Oék) [Wk,tZk,t - akﬁEt[Wk,tHZk,tH]] + 03

p?
where we have defined k, elsewhere.
Further simplification yields

1L, (0-1) » 1(1+0v)oy

Z
2 k (1 . ak) 7T]€,t k‘,t

1 N
= 2kt + §Zk,th,t — KglﬁEtﬂk,tH
1 . (0-1)
~ 5fk 1{m +6(1+ V)}ﬁEthz,tH
(14 0v)ay

1
2 (1—ay)

BE Tk t41 2k p41] + Oﬁ.

Multiplying both sides for —kj allow us to write above expression as

1 N 0(1+v
Vit = —RKie{ 2kt + §Zk,th,t} + %Wit + BE V41 + 027 (5-26)
where:
1.(0-1) 1 kpay
Vit = {2 1+ 6(1 2 _— Z 4. 5-27
k,t Tyt + 2{<1 _ ak) + ( + V)}ﬂ-k,t + 9 (1 — ak) [ﬂ-k,t k,t] ( )

Log-approximation on consumption as a function of aggregate output

and government expenses yields:
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A 1
Cy = sgtYi—sg GH— SC (1—sal)Yf—5551(1+851)G2+802Yt(1t+0 (5-28)
Using this result, one can be generally express (5=20]) as

= 1 . 0(1+v
Vi = Ei, Z B’ t{—ﬁk[zk,t + —2p 1 Xg ] + (—)

5 Tro} + tips + 0. (5-29)
j=t

One could finally note that a first order approximation to (5=29]) yields
the known Phillips Curve of the form:

The = kp{ (G =YY+ (0 + 7)YVt — 6Gy — (14 0)any + firs} + BETpei1.

5.3.3
Aggregate and Sectorial Output Relation

Sectorial demand expressed is (2-I8)) can be log-linearized as

Bre =" (Ve = Yiee), (5-30)
which establishes an exact (inverse) relation between sector relative price and
sector relative product. It is used to eliminate references to relative prices in
all equations. Also, using (2-38) in the text and (5=30]), one gets:

7771(5%, - }A/kt) = Tt — T+ n (Y — Yk,tfl), (5-31)
all k, which is also an exact relation. Also using (2-35)) and (5=30]) over (2-30))

in the main text yields:

Y‘t(n 1)/ Zml/nyn 1)/ , (5_32)

which relates aggregate and sectorlal outputs. Log linearization of (5=32)) yields

N 1 1
Yot o(l—n! Y—kam+2( kaykt+03 (5-33)

k=1 k=1

whose first order approximation in simply the definition of aggregate output

in terms of sectorial outputs:

K
Y=Y mYiy. (5-34)
k=1
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5.3.4
Matrix Notation

We start by defining

~ A ~

/
It:[Yt Yie o Yo mp oo 7TK,t]

and
2 = [ Gy dl,t dK,t /:Lk,t ﬂK,t ] .
For notational convenience, we also define the following terms:
v=1+v,
wy=1- n_l,
1
X=v+n -,
G =o0sg,
=0 — 77’1,
and
v-¢
o=
in addition to:
sc=CJY.

102

(5-35)

(5-36)

(5-37)
(5-38)
(5-39)
(5-40)

(5-41)

(5-42)

(5-43)

Using the definitions above, expression in (5=I12)) can be written in matrix

notation as

- 1
Uy = QE, Y B0 { AL, — STiAwty — T A} + tips + 03,

t=to

(5-44)

where A,, A,,, and A are, respectively, (2K +1) x 1, (2K +1) x (2K + 1)

and (2K + 1) x (2K + 1) matrices, such as:

A=11 —-m(1-®) ... —mg(l—®) 0 ... 0|,
AL o 0
0 0 AB

where ALl is a 1 x 1 matrix such as

(5-45)

(5-46)
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A2 is a K x K diagonal matrix such as its typical k" element is

(Ai?c)kk: = my(1 — Q)v,

A3 is a K x K diagonal matrix such as its typical k' element is

1—®)
A33)  — s )
(45),,, = L=y,
and

Aél 0 0

A = 0 AgQ 01, (5-47)
0 0 0

where

Al = -5

and A2 is a K x K diagonal matrix such as its typical k" element is

(A8%) , = —m(1 = D)o,

and where we have observed the definitions in (5-13))-(5=16]).

The Sectorial Phillips Curve expressed in (5=29) can also be written in
matrix notation. We start by substituting expressions for py; into definitions
for 2, and X, underlined in (5-23) and (5-22). Quadratic and linear terms of

random disturbances are placed into tips. After some manipulation one obtains:

Vito = By Z F{Cl oy + Ex;(]m,ka:t + 24Ce &} + tips + O, (5-48)

J=to
for a generic sector k. As in (5-44)), matrices C,j, Cyppx, and Cgy have,
respectively, dimension (2K +1)x 1, (2K+1)x (2K +1) and (2K+1)x (2K +1),

such as:

=l o ey ol (549

z,

where C! is 1 x 1 matrix such as

11/
Cx,k = RS

every k, C}2 is 1 x K matrix such as
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(0121) " = KX
and zeros elsewhere; and

x Tx.

Crok = CM c2, 0 (5-50)

Z.

0o 0 O3B,

Trxr
such that C!1 & is 1 x 1 matrix
Cm p = —Ki[owe + §2]

for every k, C;2, is 1 x K matrix such that

(sz k) = K’kgwﬂ

and zeros elsewhere, all k, and C;2/, = C21,; C22, is K x K diagonal matrix

zz,k T
such that, all £,

(me k) ke X"ik<v + WT])

O3 . is K x K diagonal matrix such that, for all k,

(C - k) = Ov

T

Also, matrix C¢j can be defined as

ciLo0 0
Cen= | CZ, CB B (5-51)
0 0 0

where C¢} is 1 x 1 matrix, such that

C’glk = Kplwe + 6 +wylo

for every k; CZ}, is a K x 1 matrix, such as

(Cﬁ) e = —hRWnO

and zero elsewhere, CZ3 is K x K diagonal matrix such that

(Cg k>kk /{]{;’UQ

and zero elsewhere, CZ} is K x K diagonal matrix such that

(Cgi)kk = hkv
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and zero elsewhere.

Equation (5=33)) can be expressed in matrix notation as

0o - 1
0= F {Hu + S Hute} + O, (5-52)

j=t
where we have used the fact that the definition for aggregate output in terms
of its sectorial counterparts expressed in (5=33) is valid at all dates. Matrices
H, and H,, have, respectively, dimension (2K +1)x 1 and (2K +1) x (2K +1),

such as:

H;: 1 —-—my ... —Mg 0 .. 0 s (5—53)
1 0 0

Hyp=w, | 0 H2 0 |, (5-54)
0O 0 0

where H*2 is a K x K diagonal matrix such as

(H) e = =,

for every k.

5.3.56
Elimination of Linear Terms

In order to eliminate linear terms in (B=44]), we need to find a set a

multipliers 9¢, ..., 95, 94, such as

IeCY + .+ I9ECK 9y H. = A, (5-55)

By solving the linear system of equations, one gets the following set of

solution:
1—9
9y = X1 =®) (5-56)
S+ X
and, for every k,
)
kT = (5-57)

Kk S+ X
where we have used the definitions in (5-14))-(5=16]).

Hence, using relations (5-44)), (5-48), (5-52)) and (5=55]) one can write:
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00 00 K
By > B0 A = Ey Y F0D 05CY + g HYxy (5-58)
j=to J=to k=1
00 1 K
:—Em§:ﬁ4%§¢Dmm+nﬂ%§}+§:ﬁ®%w
j=to k=1
where

K

k=1
and
K
De =Y 05CE
k=1
We use this last relations in order to rewrite (5-44) as
o B 1 .
U, = —QF,, Z 3t to{§x;QmJ;t + Q& } + Ty + tips + Og (5-59)
t=to
where

K
Too = Q9 Viao} (5-60)
k=1

is a vector of predetermined variables and where @),, and ()¢ can be defined,

respectively, as

1012
Que= | Q@ Qi 0 |, (5-61)
0 0 33
where Q1! is a 1 x 1 matrix such as
_ _ P X +s(1—)
11 2
wr = —(1—0)—|owc+¢ +w ,
Q ( ) — [owe ]C-i-X n Y
22

-2 is a K x K diagonal matrix such as, for a generic k& diagonal element,

Wy

( ii)kk:mk{(l_q))v+g+x

26 — x — <]},

33

o is a K x K diagonal matrix such as, for a generic k& diagonal element,

(@%),, = Eo -+

xxr U]?
Kk S+ x
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1221 x K such as its typical k""-column element is

P
12y _
( :mc)lk - mkgw”ﬂ’
and Q2 = Q!¥. In the same fashion, we define the matrix Q¢ as
QL 0 0
Qe=| Q7 QF QF |, (5-62)
0 0 0

where Q¢! is a 1 x 1 matrix such as

)
s+x’

Q¢ = =0+ [we + 7 + w5

ng is a K x K diagonal matrix such as, for a generic k£ diagonal element,

(Q?)kk = —myv[l = @ +

),
S+ x

le a K x 1 dimension matrix such as its typical k*-line element is

()
s+x’

(Q¢') g = —mueond

ng a K x K diagonal matrix such as its typical k"*-line element is

P
(Qgs)kl = mkvg i X

Simplifying (5=59) further by getting rid-off tax rates references and by
separating terms referring to sectorial and overall outputs from references to

sectorial inflation. Proceeding in such fashion yields

Q

Uto - —E

E;, Z it {$;7t6~2yxy,t + 2x;7t6~2§§t + xir’tQﬂ:Em} + Ty, + tips + 02,
t=to
(5-63)

where 7, is a K 4+ 1 x 1 vector containing only references to aggregate and

sectorial outputs measures, or

yt

, A .
Be=| Ve Vi Vi |,
T 1s a K x 1 vector containing only sectorial inflation measures, or

/ —
Lrt = [ Tt - TKp ] )
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and Qy, @g and Q, are given, respectively, by:

11 12
Q _ T T
Y 21 22 ’

rx rx

Q.= ez .

5 Qll 0 0
|G o ar)

where accurate specifications for submatrices Q, and Q¢ are given in (B=6T])
and (5-62). From (5-63)), we now focus on the term

K K
x;,toIy,t = q,Y; + Z kakakZ,t +2 Z MGy YeYi (5-64)
k=1 k=1

where ¢ terms are defined according to

P 1—®
+wx+<( )

= —(1-6) - [fwe + 2 , 5-65
= —(1=3) = [ + 1+ (5-65)
w
= (1= D)+ —1 26D — x — ], 5-66
Gy, = ( Jv c+x[§ X — <] (5-66)
()
Qy,y, gwng+x ( )

Under the assumption that wage markups is steady state as well as
markups over marginal costs are the same across sectors (jix = i and 65, = 0)
, q coefficients are all independent of k. We use the following proposition in
order to simplify (5-64]) further:

Proposition 21 The following expression relating sum of sectorial output
variances and covariances of sectorial outputs and aggregate output is of third

order:

K K
St - 3, - 0
k=1 k=1
Proof: On one hand, from (5=33))

K K

A L (- s

Y= myYi, = T(Z mpYie, — Y?) + O3, (5-68)
k=1 k=1

On the other hand, from the definition of sectorial demand it is possible

to establish the following exact relation:
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Pre =10 (Ve — Yip). (5-69)

Summing across sectors yields:

K K
Z mkﬁk,t — n_l(ﬁ — kaffk,t). (5-70)
k=1 k=1

From the definition of aggregate price level in terms of sectorial prices:

K
1= kap,lc;". (5-71)
k=1

Log-approximation on (5=71) yields:

K 1 K
kaﬁk,t = 5(1 - 1) kaﬁi,t + 0.
k=1 k=1

One can use (5=69) and (B=70)) in order to replace for py;, which yields:

K K K

. . 1—p-1) . . . .

Y, — E MYyt = —%(Yf —2Y; E MYyt + E kak%t) + 02. (5-72)
k=1

k=1 k=1

Comparing (6-1)) and (6=2)) yields the result.

Given proposition above, (5=64]) is equivalent to:

K
2 Qutys = 4Y7 + ), Y mpYi, + O3, (5-73)
k=1
where:

q;k = Qy, T 2qyy,-

We now focus on the second term of (5-G3)), containing the interactions

between endogenous variables and exogenous processes:

K K
7y Qeét = 4,6ViGi+ay,6 Z kak,th+Z Y t[@yean Ot + Gy Pont] - (5-74)
k=1 k=1

where coefficients defined as

0+ 0lwe + 0 + wy) ¢ (5-75)
= —0+0lw 0+ wy|——, -
w = —U[1—®+ v, 5-76
dope = —0[L = B+ ) (5-76)
D
QG = —Wy0 (5-77)

s+x’
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)

Ty, = m“ (5-78)

are all independent of sector-specific characteristics.

Proposition 22 The following expression is, at least, of second order:

K
Y; — E kak,t = Og
k=1

Proof: Follows directly from (5=33)).

From above, the following holds:

Proposition 23 The following expression holds:

K
[Y;g - Z kak,t]Gt = 02
k=1

Proof: From proposition above plus the fact that all exogenous processes
are O},

From (5-74]), one can use above to get:

K

x;,tégft = Z My Y [Q;kGGt + Qypay Okt + Gy flet] + 02, (5-79)
k=1

where
Gy = Qe + Qyuc-

We now focus our attention on (B=73). The following lemma can help us

simplify the expression even further.

Proposition 24 The following expression is of third order:

K
-2 E -2 3
}/t - kak,t - Op.
k=1

Proof: From the first proposition:
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K K
VY mpYi, — Y mpYe, =03, (5-80)
k=1 k=1
From the second proposition:
K
Y=Y myYi, =03 (5-81)
k=1
Replacing (5=81]) over (5=80) yields:
K
}/;2 - Z kakQ,t = Oga
k=1
once we notice that }A/tOf) is O3.

From (5=73):
. K K
x;,toxy,t = Qy[Yt2 - Z mkylf,t] + [q;:;k + Qy] Z kalf,t (5-82)
k=1 k=1
Applying the last Proposition above:

K
m;,toxy,t = qgk Z kak%t + Og, (5-83)
k=1

where

G = Gy T -

Replacing (5-79) and (B5=83)) over (B5-G3)) yields the expression for the
second order approximation for the utility function:

[e%¢) K K
Q _ .
Uy, = _EEtO Z B dN, Z mky,it + Z mk)\kmw,it} + T, + tips + Og,
t=to k=1 k=1
where
Ykt = }A/k,t - }A/k*t
and

_Yk*,t = )‘;kl[(QyG + qykG>ét + Qypay Qnt + kaukﬂk,t]a (5-84)

all k£, and, most importantly,

Ay = Gy + 204, + Gy (5-85)
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g

Mew = 21—+ , 5-86
k, /{k[ §+XU] (5-86)

while terms such as g,,, ¢,, and ¢,,, are defined from (B=63]) to (B=67) and

terms such as ¢,¢, ¢G> Qypa, A Gy, ., are defined from (5=79) to (5=78).

5.4
Appendix D - Log-linear Model

54.1

Definition of Target Variables

Explicitly using the assumption that sector specific tax rates as well as
wage markups in steady state are the same across sectors, we can define the

target level of aggregate output using (5-84)):

_}A/;S* = )‘y_kl[(QyG + kaG)ét + Qy.ay, ar + qykﬂklat]? (5'87)
where coefficients ¢ are defined elsewhere and a; and ji; are respectively defined
as:

K
dt = mkdht (5—88)
k=1
and
K
fie =Y mpfigg. (5-89)
k=1
5.4.2

Aggregate supply and cost-push disturbance term
We take the first order terms of AS equation in (5=29), valid for all

k. Adding and subtracting, respectively, the terms referring to overall and

sectorial output targets with the appropriate coefficients yield

Tkt = Kk{SYt + XUkt } + BE 11 + Upy, (5-90)
for all k£, where the definition for the cost-push wy; is given in terms of primitive

shocks as

Ukt = _’%k‘{[(g + X)/\g:kl (QyG + kaG) + 5-] ét + gA;qu?Jkakdt +
+§)‘z;quykukﬂt + [X/\y_quwcak + U]dkﬂf + [X/\g;quwcuk - 1]ﬂk,t}-
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5.4.3
Aggregate and Sectorial Output Relations

First order approximation to (5=33]) can be redefined in terms of deviation

from aggregate and sectorial output targets, yielding

K
Ye = Z MEYkt- (5-91)
k=1
First order approximation to aggregate inflation measured by consumer
prices is:
K
=Y Mg (5-92)
k=1
In the same way, targeting inflation measure is given by
K
=) Wiy (5-93)
k=1
Finally, from (5=31))
Yo — Yt = NThp — Te) + Y1 — Yra—1 + Alpy, (5-94)
where
Ckvt = A;quykak [dt - dk,t] + A;quykﬂk [lat - l[:[/kyt}' (5’95>
5.4.4

Euler Equation

Taking the first order approximation of the Euler equation in the main

text yields

Ry = 6E,AY;yy — 6EAGyy ) + Bymy + O,%,

where we have used the relation in (5=28) to substitute for C’t in terms of Yt
and G. Expressing equilibrium interest rates in terms of aggregate output gap

by using definition in (5=84)), which yields

Rt = 6-EtAyt+1 -+ EﬂTtJrl — EtAT't+1, (5—96)

where

re = 0[N a6 + Gye) + UG + 0N, Gypar @ + TN, Gy e (5-97)
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5.4.5
Taylor Rule

Taking the first order approximation of the Taylor rule yields

ét = ,ORRtfl + (1 — pR)[¢ﬂ-ﬂ't + ¢yyt] + eq. (5—98)

5.5
Appendix E - Benchmark Calibration

The following table presents the parameter values for the benchmark

calibration, along with its definitions.

Table 5.1: Benchmark Calibration

Symbol Parameter Definition Assigned Value
K Number of Sectors 2
o Coeft. of risk aversion 1.1
v Inv. of the Frisch elasticity of labor supply A7
16} Discount parameter .99
Qg Calvo prob. of price stickiness D
My Sector size 1/K
n Cross-sector elasticity of substitution 1.5
0 Within-sector elasticity of substitution 11
A Desutility of sectorial labor .98
Py AR(1) coeff. of fiscal shock 5
Pe AR(1) coeff. of monetary shock 5
P AR(1) coeff. of wage markup shock 5
Pay AR(1) coeff. of productivity shock 5
o Standard deviation of fiscal shock 2
Oe Standard deviation of monetary shock 2
Oy Standard deviation of wage markup shock 2
Tay, Standard deviation of productivity shock 2
Sc Steady state consumption over GDP 78%
T Steady state lump sum tax level over GDP 22%
G Steady state gov. expenses over GDP 19.5%
m Steady state wage markup 5%
b Steady state public debt level over GDP 50% (annual)
R Steady state interest rate level 4.05% (annual)
O Taylor rule reaction parameter to inflation 1.5
y Taylor rule reaction parameter to output gap .25
PR Taylor rule interest rate smooth parameter .85

For simplicity, only two sectors are considered. Shocks follow an AR(1)

defined for any variable x as:

Tip1 = PeTt + €441,
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where ¢; follows a Normal Distribution, with mean zero and variance
o2. Parameters p, are calibrated at .5 for reasons of symmetry. o, parame-
ters are calibrated at .2. All other parameters have approximated values of

those used in the literature.

5.6
Appendix F - Bayesian Estimation

5.6.1
Sector Weights and Prior Distributions

Table below present the PCE sectors with respective weights. These are
averages on the sample period of 1954, last quarter, to the first quarter of

2008. The following table presents the prior distributions of the estimated

parameters.
Table 5.2: Sectors of PCE and respective weights
k  Categories Weight (my), in %.
1 Motor vehicles and parts 4.91
2 Furniture and household equipment 2.52
3 Other durable goods 1.71
4 Food 18.94
5 Clothing and shoes 3.69
6 Gasoline, fuel oil, and other energy goods 4.21
7 Other nondurable goods 7.96
8 Housing 16.18
9 Household operation 5.63
10 Transportation 4.19
11  Medical care 14.37
12 Recreation 2.91
13 Other services 12.77
Table 5.3: Prior Distributions
Parameter Distribution Prior Mean Prior Std.
Qg Uniform (0, 1) 5 28
Pay, Beta ) 2
Tay Inverse Gamma .01 1
O Inverse Gamma 01 1
Pg Beta .8 1
o Inverse Gamma .01 1
O Inverse Gamma .01 1
PR Beta .85 1
O Gamma, truncated at 1 1.5 1
Oy Gamma, truncated at 0 .25 .05
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5.6.2
Estimation Results

This section presents the posterior distributions for the estimated pa-
rameters. Other aggregate parameters not displayed are calibrated according

to the benchmark values, presented in Appendix E.

Degrees of Nominal Rigidity

Table 5.4: Posterior Distribution - Degrees of Price Stickiness

Categories Symbol Posterior Mean 95% Confidence Interval

1 a 0.7190 [0.6966,0.7412]
2 as 0.6129 [0.4921,0.7158]
3 a3 0.5648 [0.5201, 0.6071]
4 ay 0.3626 [0.3140, 0.4127]
5 as 0.3606 [0.2992, 0.4173]
6 ag 0.0291 [0.0033,0.0525]
7 oy 0.4628 [0.4097, 0.5146]
8 s 0.5306 [0.4829, 0.5793]
9 oy 0.3680 [0.3089, 0.4266]
10 a0 0.1547 [0.1230, 0.1846]
11 an 0.4404 [0.3754, 0.5041]
12 s 0.5528 [0.5075, 0.5986]
13 013 0.2304 [0.1592, 0.3006]

Productivity Shock Parameters

Table 5.5: Posterior Distribution - Productivity Shocks: AR(1) Coeffs.
Categories Symbol Posterior Mean 95% Confidence Interval

0.0402, 0.2788

1 Pay 0.0261 [0.0031,0.0494]
2 Pas 0.6394 [0.4717,0.7777]
3 Pas 0.0672 [0.0066, 0.1236]
4 Pas 0.4116 [0.3364, 0.4854]
5 Das 0.1735 [0.0648, 0.2754]
6 Pag 0.0206 [0.0024, 0.0384]
7 Pa; 0.3067 [0.1931,0.4242]
8 Dag 0.5690 [0.5175,0.6217]
9 Pas 0.0433 [0.0066, 0.0795]
10 Parg 0.0202 [0.0024, 0.0376]
11 Pari 0.5170 [0.4520, 0.5823]
12 Pars 0.0692 [0.0093, 0.1266]

[ ]

13 Dars 0.1602
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Table 5.6: Posterior Distribution - Productivity Shocks: Std. Deviations

Categories Symbol Posterior Mean 95% Confidence Interval
1 Tay 0.1074 [0.0979,0.1167]
2 Tay 0.0878 [0.0514,0.1173]
3 Tas 0.0395 [0.0348, 0.0439]
4 T, 0.0257 [0.0222, 0.0294]
5 Tas 0.0291 [0.0244,0.0337]
6 Tag 0.0906 [0.0833, 0.0980]
7 Tar 0.0241 [0.0194, 0.0288]
8 Tas 0.0250 [0.0218, 0.0282]
9 Tao 0.0298 [0.0269, 0.0326]
10 Tayo 0.0433 [0.0396, 0.0471]
11 Tayy 0.0345 [0.0293, 0.0393]
12 Tays 0.0315 [0.0278,0.0350]
13 Tays 0.0290 [0.0245,0.0334]

Wage Markup Shock Parameters

Table 5.7: Posterior Distribution - Wage Markup Shocks: Std. Deviations

Categories Symbol Posterior Mean 95% Confidence Interval
1 O 0.7232 [0.6071,0.8460]
2 Tps 0.3604 [0.1711,0.5155]
3 Ops 0.2020 [0.1565, 0.2445]
4 Ops 0.0588 [0.0469, 0.0713]
5 Ops 0.0846 [0.0636,0.1047]
6 O g 0.0713 [0.0592, 0.0829]
7 Ops 0.0680 [0.0527,0.0830]
8 Opg 0.0535 [0.0415, 0.0656]
9 Opg 0.0667 [0.0490, 0.0833]
10 O o 0.0410 [0.0347,0.0471]
11 Ony 0.0553 [0.0394,0.0711]
12 T o 0.1441 [0.1113,0.1768]
13 O3 0.0123 [0.0026, 0.0238]
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Other Estimated Parameters

Table 5.8: Prior Distributions - Other Parameters

118

Parameter Definition Posterior Mean 95% Confidence Interval

Pg
Og
Oe
PR
Or
Py

0.9874
0.0814
0.0026
0.7329
1.5197
0.5372

[0.9828,0.9921]
[0.0609,0.1013]
[0.0024, 0.0029]
[0.7000, 0.7683]
[1.3990, 1.6422]
[0.4300, 0.6439]
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Appendix to Real Business Cycle Dynamics under Rational
Inattention

6.1
Appendix A - Definition of Steady State

From the main text, we take the suggested transformation to make the
problem stationary. The representative consumer maximizes the transformed

utility function:

Uy =Ey, > B'InCy+0In(l - Hy)],

t=to

subject to the following restriction set:

Qe Tras [ A l—ae—os
Ke,ng,; [Ath} °

~ Ke e Ke 2 S\ Te
= C+ ge,t+1+t+1 —(1-6%— L4 Gs 1K1 — (1 — 0°) Ky,
Q1 Q:

given K., and K.

The objective is to show that there is a deterministic steady state for
the detrended system above, where all endogenous variables assume constant

values. FOCs are given by:

— with respect to Cy:

1/@ = ;\tQ (6‘1)
— with respect to H;:
Ht N e s [ A l—ae—o
9 = At<1 — Qe — OéS)Keszg[Ath] € q, (6—2)
1 _ Ht 5 )

— with respect to IA(eth:
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A . . ) . 1_ ge
QTtEt(ge,tH) = Edep B{lae K K [Avpa Hygd 707 g}é (6-3)

t QtJrl

— with respect to IA(S,tH:

MEi(gst1) = Ehe1 Blaa K25 KO A Hen ] 77 + (1= 6°)}. (6-4)

These equations, along with restrictions (B3], ([B=5), (B-=0), ([B=4)) in the
main text, can be use to determine the steady state values for endogenous

variables. In order to do that, we need to show that FOCs are satisfied for
time-invariant Lagrange multipliers. We start by noticing that, once stochastic
terms are dropped out, there are no deviations from productivity factors from
their (constant) growth trends. Also, given no population growth, H = H.
Other endogenous variables assume constant values. Therefore, we can drop

the subscripts and expectation operators. From (G=), )\ is constant:

1/C = );

We can use this fact over expressions (6-3)) (6=4)), yielding, respectively:

K. _ o

= = g = (1=6°)] 7, (6-5)

Y

K, _ .

Y = O‘S[gsﬁ - (1 -0 )] 1’ (6'6)
where g, = fyaﬂy;‘e/(lfae*as) and g, = fyafy;Jrae/(l*“e*as).These establish the

steady state level of capital stocks over GDP in terms of exogenous parameters,
where we have used the relation in (B=3). Investment over GDP can be
established from (B=5) and (B=0]):

j@_ e K@
& =g — (1= =, (6-7)
I _ o K
& = lgs (L= (6-8)

Using the previous results, we can use the demand equation (B8=4)) in order

to determine consumption over GDP in terms of exogenous parameters:
¢ I I
Y Y Y
From (6=2)), it is then possible to establish the steady state level of labor

hours using the previous result:

1
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_H ¢

1-Hy
Finally, it is possible to recover the level of output in steady state using

(B=3) and the previous results:

yioeeas — (L K [H]' oo, (6-11)
Y Y
6.2

Appendix B - The Quadratic Policy Problem

= (1 - ae — ay). (6-10)

6.2.1
Second Order Approximation to Objective Function and Restrictions

From the previous section, we use the deterministic steady state for
the detrended problem in order to establish an approximation point, hereby
characterized by hat-variables without the subscript ¢. We follow Benigno
and Woodford (2006, 2008) by applying a second order Taylor expansion for
the objective function and restrictions. The objective is to define a purely
quadratic approximation to the objective function and a set o linear restrictions
that result on policy functions for the policy problem, equivalent to the ones
produced by a second order approximation for both objective function and
restrictions.

Second order approximation on objective function yields:

R s I T R
U(Ct, Ht) = Ct — HSOHL‘ — 502 + §¢2th + thS + O;’,

where “tips” stands for “terms independent of policy” and ¢ is defined by
¢ = H/(1 — H). Also, for any original variable X}, denote:

X, =t =7
! X

where X (without ¢-subscript) denotes the steady state level for the detrended
problem described in the previous section and X, the detrended variable itself.

The following relation applies up to second order:
~ 1
Xy = &y + 5,
2
where
Zi't = ln(Xt/X)

Substitution on the original expression results:
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. O .
u(Cy, Hy) = ¢, — Ophy — 7(1 + @)h? + tips + Og, (6-12)
which give variables in terms of log-deviations from their steady state levels.

We proceed by log-linearizing the restrictions to the policy problem.

— Technology:

1 ~ A R
g)t + 5?)152 = Oéek.e,t + Oésks,t + (1 — Qe — as)(&t + ht) + (6'13)

1r . A 2
—1—5 Qeker + asksy + (1 — ae — ag)(ar + he) | + Oﬁ.

— Law of motion for stocks on equipment and structures:

I, 1. ~ O o7
I 15, + 5@] = Go(kspr1 T+ a_hgit—i-l) — (1 =0%)kss (6-14)
1 A «
+§[Qs(ks,t+1 + 85,t+1 + a_285t+1)2 +
—(1 =0k, + O3
and
_fe . 1. A . O
1% [t + ilit] = Gelkerr1 — G + €5t+1 +(1+ a_h>55t+1] + (6-15)

o

~

(1= 5k,
1 i 4 P 14 ey P g2
+2{96[ el — G+ € + (1 + ah)gq,tﬂ] +

—(1 =6 (kes = 6)°} + O},
where we have defined for notational convenience:
ap=1— o, — as.
— Finally, second-order approximation on demand equation yields:

R . . . 1. . "
U + §yt2 = ScCt + Silst + Sijlet + 5 [sccf + siszit + siezit} + Og. (6-16)

where:
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P
If
<l

e

>
Il
"'<:>|('b\4>

"<>| o~

S

s

We can combine expressions in (6-I3)) and (6=I6) with (6=I4]), and use

(6-19) in order to obtain a set of two restrictions, respectively:

0= —Oéei{e’t — Oésffs¢ — Oéh(&t + ilt) + Scét + Sieie,t + (6-17)

N o
+5k, s (ksr1 + 65,5“ + a—fLeitH) — s, (1= 0%k

1 N N . ~ 12 8. Sig .
—5 aeke,t + asks’t + ozh(at + ht> + 56? -+ 9 Zit

Sk ~ Qe s\ 7
+ 9 [9s(Kstq1 + 55,t+1 + a_h€5t+1)2 —(1-9¢ )kﬁt] + 027
and
N A Sie /a A 2
0 = —Si, (le,t —+ Qt> — 7(Ze,t + Qt)2 — Ske(l — 6e)ke’t + (6—18)
~ a(:‘
+ 5k e (Fepr1 + git—&-l + (1+ a_h>55,t+1) +
Ske ~ Qe et
+ 2 [ge(kE,t+1 + 55,t+1 + (1 + Oé_h)g(it+l>2 - (1 -0 )kit]
+0,.
where:
_ K,
S, = —,
ks v
K,
Ske = -
Y

By adding and subtracting the proper terms and using the definition for

steady state variables, (6=17)) can be written recursively, such that:

‘/s,t = F<ét7 }All‘n ie,tv ]%e,t,]%s,tu €t) + B‘/S,tJrl? (6_19>
where F(.) is a linear-quadratic function of log-deviation of endogenous vari-

ables and the vector of exogenous shocks &, at ¢, defined as:


DBD
PUC-Rio - Certificação Digital Nº 0510696/CA


PUC-Rio - Certificacé@o Digital N° 0510696/CA

Three essays on monetary economics 124

- - - . 1, . 1,
F() = f{—aeke,t — Oéhht + SC[Ct + 50?] + Sie [’Leﬂg + algi] +

Qs+ IR > —
okl = Slackes + sk + on @+ h)l*} +
+tips + O

where:

f = [as + 81, (1 — 55)]—1’

and the pre-determined term V;, is defined as

. 1.
Ver = ko + §k§t

One could notice that interactions between current capital stock and i.i.d
innovations of permanent shocks have been included at “tips”.

Proceeding in an analogous way for (6-18]), we have

‘/e,t = G(&fa iLb ie,ta ]%e,t,]%sia Et) + B‘/;,t+1' (6_20)

where:

_ . 1. 9

G(.) = g{—5i((les + )+ §(Ze,t + @)’ +
. 1.
Fate[keys + ékzt]} + tips + Og,
g = loe +sp. (10971,
. 1.,
Ver = ket + §]€et

6.2.2

Elimination of Linear terms

By follow Benigno and Woodford (2008) we can use matrix notation in
order to rewrite expressions (6-12), (6=19) and (6=20). We start by noticing
the corresponding log-approximation of the (detrended) policy problem can
be stated in the following way:

max Fj, Z Bu(cy) (6-21)
ct
t=to
subject to intertemporal restrictions
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Eo - Eto Z Bt_tOF(Cta kt? Et) (6_22>
t=to
and

Gto - Eto Z /Bt_tOG(Ct7 kt? €t>7 (6_23>
t=to
where F, and G, are predetermined terms at ¢, and therefore independent

of policy from that date on. Notice that (6-22)) and (G=23]) are obtained by
iterating forward expressions (6=19) and (6=20]). Vector definitions are:

R a
Ct ~
° ke t (jt
a=| h [ k=] ;& = P
N ks,t ga,t
Ze,t 8}3
q,t

Equation (6=21I]) can be expressed in matrix notation as:

%) 1 ‘
Uy, = B, Z BU,.c, + §CQUCC-Ct] + tips + O, (6-24)
t=to
The following definitions for the underlined terms apply:

vo=|1 - 0]

0 0 0
Ue= |0 —0p[1l—¢] 0
0 0 0

In the same fashion, restriction (6-22) is expressed as:

o0

_ 1_
0 = DB Fucr + k) + 5Alc P+ (6-25)
t=to

+2C£FC£'€t + 2k£Fk£€t + k;Fkkkt + QC;Fckkt]}
—\Fy, + tips + Og

where \ is the associated Lagrange multiplier to be determined. Recall the
definition of f as

f=loas+ sk, (1—6)"

Matrices can then be expressed as:
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s O 0
Fcc - f_ 0 _a% 0 )
0 0 Sie

—qeas —ag(as — 1)

| —a? — Q0
Foe = f. [ ] ;

—asap 0 0 0
0 0

Fck - fT —Qelp, QsQp
0 0

Proceeding in the same way, restriction (6-23) can be expressed:

o0

_ 1
0 = > B {0(Geco+ Gikr) + 5V Geer + (6-26)
t=to

+20,G g &) + 2K,Gre &, + K,Grp ki + 2¢,G o K] }
—V9Gy, + tips + Og

where notational choices are analogous as above and 1 is the associate Lagrange

multiplier to be determined. Noticing that we have defined:

9= loe +sp. (1= 097"

Matrices can then be defined:
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00 O
Gee=9g.10 0 0 ;
0 0 Sie
a. 0
G = @ :
kk = ¢ [O O]
O 0O 00
Ge=g.10 0 0 0];
0 —s;, 00
Gre = 0;
Gex = 0.

Constants A and ¢ are then defined in such a way that the following
holds:

MF, + F) +9(G. + Gy) = —U..

The solution is, therefore:

- 1
A= ——= 6-27
T (6-27)
and
_ 1
Y =— 6-28
75, (6-28)

By using the definitions for A\ and ¥, it is possible to show that the

following relation holds up to second order:

e.0) 1 o
Et() Z 6t_t0 [UC'Ct] = 5 Z ﬂt—to [CQHC(:’Ct + kngkkt +

t=to t=to
+2¢,R.ky + 26, Zog &) + 2k, Zye £, + To + tips,

while we have defined the new terms as:

Hcc = >\Fcc + ﬁGcca

Hkk = S\Fkk + ’LgGkk,
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R= /_\Fck + Qchka
ch = S\ch + ﬁGcg,

Zkg = S\Fkg + @Gkg,

and

TO - _(E\Fto + @Gto).

Plugging this last expression into ([6=24)), yields:

[e.e]

1
Uy = 5B, > B7°(¢1Q o+ ki Hip iy + 20, Rk + 26, Zeg £, + 2K, Z1e &), (6-29)

t=to

Q = UCC + HCC?
and Z,, and R are defined elsewhere.

6.2.3
Additional Simplifications

Consider now the following definition for the vector of state variables 5;

and control variables:

ke,t é
A t
S o ks,t o »
t = . ; C = hy
Qg N
~ Ze,t
qt

Expression ([6=29) can finally be expresses as a quadratic objective function in

terms of control and state variables as

Uy = Eiy Y 87" {¢,Bey + 26, DS, + S{AS,}, (6-30)
t=to
where:
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H 7
A= kk ke
Zye tips
and

In addition to the objective function given in (6=30), the decisionmaker

is subject to the following set of linear constraints,

~ ]_ - 56 a Sz ~
ke,tJrl - ( )ke,t + . Ze,t +
Ge keYe
(1 -0 P Qe P
1-— € 14+ —)e ,
+[ o 1t — g1 — (1 + CYh) g+l
=~ (1 - (58) ~ ~ A~ R ~
ks,t-l—l = —ks,t + [aeke,t + asks,t + O‘h(a't + ht) +
gS gssks

«
~ ~ P e P
—ScCt = Siglet] = Eqp41 — a_hgq,t+1'

and the following AR(1) processes for stationary component of exogenous

shocks:

. . T
Q41 = Palt + Ea 1

N T
Gt+1 = Pqqt T €g141-

Restrictions can then be written in matrix notation according to the

following:
StJrl = Glst + GQCt + G3€t+1- (6—31)
where &, stands for a vector of i.i.d. innovations to shocks, or &, = [e},, €],

P P
aty gq,t

in terms of its past values, present control variables and exogenous shocks.

€ |". Expression above represents the law of motion for state variables

Matrices are defined by:

GlE G%l G%Q
O202) G3o

S C e
O@e2) Ogiaz) |
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G3 = 0(2302) G:l;2 :
T222) O242)

where [ is an identity matrix. In particular, we have:

1 _
Gll_

(1 _56)/96 0 ] .
e/ (sr,9s) s/ (s8,95) + (1 =6%)/gs |

G - [ 0 1-(1-5)g ];
 (55,9:) 0

2 _
Gll_

0 0 ].
—Sc/<3k398> O‘h/(SkSQS) ’

s/ (5k.9e) ] ;

—5ic/(5k,9s)

G€2::[ 1 -—(1%—0@/ah)]'

2 _
G12_

-1 —a./ay,

The final problem reduces to maximize(6=30) subject to (6=31)).

6.3
Appendix C - Derivation of Optimal Signal

6.3.1
Value Function

The problem with full information is given by:

max Ey, Z B(S]AS; + 25, Dey + ¢, Bey)

t=0
s.t.:

Sir1 = G1S; + Gocy + Gsery

where ¢, is the vector of control variables and S; the full vector of state vari-
ables. We assume further that ¢; has a multidimensional Normal distribution,
such that E(e;) = 0 and E(gje;) = Q, all £. The LQ problem has some de-
sired features: policy function is linear on state variables and, hence, certainty

equivalence applies. Information frictions does not change the problem (Sims,
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2003a). In addition, the value function is quadratic. This property is desirable
to show that the optimal signal has a Gaussian distribution.

In order to do that, the first stage is to solve the deterministic problem.
Writing the objective equation recursively and replacing the restriction in the

objective function, we have:

V(St) = max{S{ASt + QSt/DCt + C;BCt + ﬁEtV(Glst + GQCt + G3€t+1)}.

Congecture: The value function in quadratic in the state vector, or
V(S;) = S;P1S; + P,S; + d, P, following the properties described by Benigno
and Woodford (2008) and d an unknown constant.

Then, we can write the expression above as:

S\PS; + PSi+d = mc?x{SzASt +2S;Dc; + ¢, Bey + Bd +
+BSIGE LGS, + BIS!G PGacy + CLGLPIGrSs +
+08,GyPLGacy + Btr(PLG3QGS) +
+0P,G1S; + BPGocy},

after evaluating conditional expectations and exploring the fact that ¢, is i.i.d.
and E(g;) = 0. We next take FOC with respect to the control variable vector

¢;. It is clear that the resulting policy function is indeed linear:

¢ = Hy+ Hi Sy,
where
Hy = —2[B+ BGLPGo) " [BGYLPy),
H, = —[B+ BGLPGy) BGLPG, + D',

a function both of P, and P». Replacing the policy function back to value
function, it is possible to determine the values for P;, P, and d. Define:
Q = G30Gs. (6-32)
For, d:
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(1—-3)d = H,BH,+ ftr(PQ) +

+5H6G/2P1G2Ho + BP>GyHy,
For Ps:
P2 - 6
For P;:
P, =A+2DH, + H{BH, + G, PG+ (6-33)

+20H|GLP,Gy + BH{GL PGy H;.

Equation (6=33) describes P recursively, a matrix Riccati equation:

Pi(s+1) = A+ (8G\Pi(s)Gy+ (6-34)
—(D/ -+ ﬁGéPl(S)Gl)/<B + /6G/2P1(8)G2)_1(D/ + 5G/2P1($)G1)

It can be solved by iterating the matrix difference equation starting from
some initial value and converging to a fixed point or using a method based
on eigenvalue-eigenvector decomposition (such as Blanchard-Quah). Finally,
d = ftr(P,Q)/(1—3). Equations defining the value function are independent of
S;, which means that the value function given by the problem with information
friction is analogous: V(S’t) = S';Plgt +d.

6.3.2
Gaussianity of Optimal Signal

Define the welfare loss in ¢ due to imperfect information as AV, =
V(S,) — V(5,). The expected welfare loss is given by®:
EJAV] = E[V(S,) = V(Sy)].

Substituting for V(S;) and V(St), and noticing that E;(S;) = Et(gt),
yields:

E AV, = —E,[(S; — S)) Pi(S; — S))] + 2E,[S!Py(S; — S))],

'For simplicity, we use E;[.] as short for E;[.|Z;].
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Considering that

A

Ey[(S: — Si)] =0,

by hypothesis, then it is clear that

E[SIP(S, — S))] = PLCou[Sy, (S, — S)] = 0

Then:

E AV = —E,[(S, — 5)'Py(S; — S,)].

The problem then becomes to choose a joint distribution of state variables

and signals that minimize the loss function

min —FE[(S, — S)'Py(S; — Sy,
a(St,5t)

subject to:

—H(S,, 5) + H(S) + H(S)) < 2x

plus the conditions on ¢(S;, St) being a pdf. H corresponds to the definition of
entropy and k is the channel capacity on the mutual information between S;
and S;. More explicitly, we can apply the definition of entropy to the problem
above, yielding:

min —// St "Py(S §t>Q(St,§t)dStdSt,

a(St,S0)
subject to:
/ / log[q(S;, S1)]q(S, Si)dS,dS, — / log[q(Sy)]q(S:)dS; +
—/ {IOQ} {/ Q(S, S’t)dSt:| /Q(& S’t)dst:| dgt
< 2k,
/C](St, St>d‘§t = Q(St)7
and

Q(Sta St) Z 0
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We disregard this last restriction, assuming that it always holds. Fol-
lowing Sims (2003b) and Luo (2006), the maximization can be carried out

pointwise by taking derivatives with respect to ¢(S;, S’t) FOC yields:
—(Sy = Sy)' Pi(S; — Sp) — M1 +1og[q(S;, Si)] — 1 —log [ / q(S, St)dstl }—pu=0.

Define:

Q(Sta S't)
fQ(St; St)dSt7

Q(St|gt)

then:

G(5,]S:) = Gpelr (S=SPL(Si=S0)

where 6y and can 6; be conveniently chosen so as the right-hand side is
a multivariate normal distribution. The result implies that it is optimal to
choose the joint distribution of S; and St in such a way that the conditional
distribution of the state variable given the signal is a multivariate normal

distribution:

q(Si|S,) ~ N(S;,%).

The infinite dimensional problem simplifies to one in which it is only nec-
essary to establish the variance-covariance matrix of the posterior distribution

of state variables given the signal, X..

6.3.3
Determination of X

Following Sims(2003a), the loss function can be written as:

EV(S,) = V(S)] = —tr([A+ DH, + H,BH,]%) +
+BEV (S71) — VI(Sesr) + (Sesr) — V(Sig)] (6-35)

where S} | = (G1 + G2H1)Sy + G, is the value of state variables that would
emerge in the case where control variables are chosen optimally and without
uncertainty upon the true state at ¢: S;. Note that Siiq is the true value of
the state vector at ¢ + 1 when control variables are chosen under information

capacity constraint, that is, the state at ¢ is merely perceived: S,. Define
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Sfit — Siyr = GoHy (S — ).

Because of the LQ structure, the left-hand side is constant. Expression

simplifies to:

—BE(St1 — Si1) Pu(Si — Si1) +2(S71 — See1) PiSps] (6-36)

By replacing the definition above, one gets:

(1= B)M = —tr(WX),

where W is given by:

W = A+ DH, + HBH, + 3(H|G,P,GoH, + H|G,P,G| + G} P,GoHy).
The optimization problem takes the following form:

mzin{tr(WE)}

subject to the information capacity constraint:

—b&EMH%AG@G}Hﬂ§2ﬁ

and an additional condition to ensure that G1XG + () — 3 is a positive definite

matrix:

Y < GiXG + Q.

As shown by Sims (2003a), the problem is the one of maximizing a linear
objective function subject to a convex restriction set. In order to establish ¥
numerically, we reparameterize the problem in terms of the upper triangular
matrix ¢*, such that ¢*¢* = A* and A* = ¥ — 3. For an initial value
of ¢* it is then possible to establish Y by solving the Lyanpunov equation
A+Y = Q+ G1XGY. For a given value of the Lagrangian multiplier, it
is then possible to compute the value for the objective function subject to
the information capacity constraint. Once the optimal ¢* has been found, it
is possible to recover ¥ by solving the same equation and then recovering
the covariance matrix of the noise variables A = var((;) using the following

expression:
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A—l — E_l . \11—17

which derives from the usual formula for the variance of a stationary Gaussian

distribution updated based on a linear observation, according to Sims (2003a).
6.4

Appendix D - Parameter Choices

The following table presents the parameter values for the benchmark

calibration, along with its definitions.

Table 6.1: Benchmark Calibration (Quarterly Data)

Symbol Parameter Definition Assigned Value
3 Intertemporal discount factor .961/4
0 Preference parameter on labor supply 2.74
Qe Equipment share of income 19
o Structures share of income .16
H Steady state labor hours 24
© Steady state labor-leisure hours ratio 31
1 — ¢ Gross depreciation rate of equipment (1 —.035)"/4
1 —4° Gross depreciation rate of structures (1 —.075)"/4
Pa AR(1) coeff. of neutral tech. shock 75
Pq AR(1) coeff. of investment tech. shock 75
ol Sd. of transitory neutral tech. shock .0050
aqT Sd. of transitory relative investment shock .0050
ob Sd. of permanent neutral tech. shock .0050
05 Sd. of permanent relative investment shock .0050
os.f Correlations among innovations zero
Ya Gross growth trend on investment prod. (14 .004)Y4
Yq Gross growth trend on neutral prod. (14 .025)Y/4
Se Steady state consumption over GDP 81%
Sie Steady state investment in equipment over GDP 12%
Sis Steady state investment in structures over GDP 7%
Ske Steady state capital stock in equipment over GDP 480%
Sks Steady state capital stock in structures over GDP 770%
6.5

Appendix E - Model Dynamics

In this section, we present the model general dynamics in response to
shocks. The perfect information case is contrasted with responses of endoge-
nous variables under limited information. Capacity constraint is calibrated to
0.7 bits.
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Figure 6.1: Impulse Response Functions to a one s.d. stationary shock on Labor
Productivity (neutral technology shock)
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Figure 6.2: Impulse Response Functions to a one s.d. stationary shock on
Investment Relative Productivity
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Figure 6.3: Impulse Response Functions to a one s.d. permanent shock on
Labor Productivity (neutral technology shock)
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Figure 6.4: Impulse Response Functions to a one s.d. permanent shock on
Investment Relative Productivity
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6.6
Appendix F - S.D.s for RBC Statistics

The following table presents the standard errors for simulations of RBC

statistics, presented at Section 3.

Table 6.2: RBC Basic Statistics - Standard Errors
Fullnf. k=43 k=14 k=80 k=.24

Relative S.D.

oy 0.08 0.09 0.08 0.07 0.06
o./oy 0.01 0.06 0.10 0.09 0.10
on/oy 0.01 0.03 0.04 0.04 0.03
gi/oy 0.05 0.20 0.32 0.32 0.35
Cross-Correlation
p(c,y) 0.08 0.10 0.11 0.10 0.07
p(h,y) 0.00 0.02 0.03 0.04 0.08
p(i,y) 0.00 0.02 0.05 0.05 0.08
Autocorrelation
p(Ay) 0.05 0.05 0.04 0.05 0.05
p(Ac) 0.05 0.06 0.05 0.05 0.05
p(Ah) 0.04 0.04 0.03 0.03 0.03
p(A7) 0.04 0.04 0.04 0.04 0.05

“In percentage.
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