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Prof. Eduardo Sany Laber

Departmento de Informática — PUC–Rio
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Resumo

Silva, David Sotelo Pinheiro da; Poggi de Aragão, Marcus Vinicius
Soledade. Sobre o Problema de Escalonamento Permutation

Flow Shop. Rio de Janeiro, 2010. 80p. Tese de Doutorado —
Departamento de Informática, Pontif́ıcia Universidade Católica do
Rio de Janeiro.

Nos últimos cinquenta anos, o Problema de Escalonamento do tipo Permu-

tation Flow Shop com minimização de makespan (PFS) tem se mostrado um

problema central e intensamente estudado pela comunidade de otimização

combinatória, conhecido por sua intratabilidade, relacionada tanto a as-

pectos teóricos quanto computacionais. Neste trabalho, três contribuições

principais foram obtidas para o problema PFS.

A primeira contribuição consiste em um algoritmo aproximativo para o

problema PFS com n tarefas e m máquinas. Este algoritmo apresenta um

fator de aproximacão de O(
√
n+m) e pode ser executado em tempo linear.

Este é o melhor fator de aproximacão já obtido para o problema PFS no

caso em que n = Θ(m). Além disso, uma nova conexão é estabelecida

entre problemas em subsequências monótonas e o PFS, resultando em uma

extensão do teorema de Erdös-Szekeres para subsequências monótononas

com pesos.

O segundo resultado é um algoritmo mais rápido para o problema PFS

com n tarefas e 2 máquinas (2-PFS). Nós fornecemos um algoritmo com

complexidade O(n log k) que determina solucões ótimas para o problema

2-PFS, onde k ≤ n é o número mı́nimo de cliques necessárias para

cobrir os vértices de um grafo de intervalo correspondente. Até onde nosso

conhecimento permite afirmar, este é o primeiro avanço obtido no que se

diz respeito à complexidade de tempo O(n log n) do algoritmo clássico de

Johnson.

A terceira contribuição deste trabalho é uma nova famı́lia de heuŕısticas de-

termińısticas competitivas para o problema PFS. Quatro novas heuŕısticas

são apresentadas como extensões da heuŕıstica clássica NEH. Tais

heuŕısticas são baseadas em técnicas de poda na árvore de enumeração

impĺıcita do problema PFS. Resultados computacionais atestam que os no-

vos métodos propostos figuram entre os mais efetivos para o problema PFS.

Palavras–chave

Escalonamento permutation flow shop. Algoritmos aproximativos.

Subsequências monótonas. Grafos de intervalo. Cobertura por cliques.

Heuŕıstica NEH.
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Abstract

Silva, David Sotelo Pinheiro da; Poggi de Aragão, Marcus Vinicius
Soledade. On the Permutation Flow Shop Scheduling Pro-

blem. Rio de Janeiro, 2010. 80p. DSc Thesis — Departmento de
Informática, Pontif́ıcia Universidade Católica do Rio de Janeiro.

In the last fifty years, the Permutation Flow Shop Scheduling Problem with

makespan minimization (PFS) has been a central and well-studied problem

in combinatorial optimization community, known by its intractability from

theoretical and computational aspects. In this work, three major contribu-

tions were obtained for the PFS problem.

The first one is an approximation algorithm for the PFS problem with n

jobs and m machines. This algorithm achieves an approximation guarantee

of O(
√
n+m) and runs in linear time. This is the best performance ratio

already obtained for the PFS problem in the case of n = Θ(m). Furthermore,

a novel connection between PFS and monotone subsequence problems is

established, resulting on an extension of the Erdös-Szekeres theorem to

weighted monotone subsequences.

The second result is a faster algorithm for the PFS with n jobs and two

machines (2-PFS). We give an O(n log k) algorithm that determines optimal

solutions for the 2-PFS problem, where k ≤ n is the minimum number of

cliques necessary to cover the nodes of an underlying interval graph. From

the best of our knowledge, this is the first improvement upon the O(n log n)

time complexity of the classical algorithm from Johnson.

The third contribution of this work is a new family of competitive deter-

ministic heuristic for the PFS problem. Four new heuristics are introduced

as extensions of the classical NEH heuristic. Such heuristics are based on

pruning techniques on the implicit enumeration tree of the PFS problem.

Computational results attest that the new proposed methods stand among

the most effectives for the PFS problem.

Keywords

Permutation flow shop scheduling. Approximation algorithms. Mo-

notone subsequences. Interval graphs. Clique covering. NEH heuristic.

DBD
PUC-Rio - Certificação Digital Nº 0521491/CA



Contents

1 Introduction 11

1.1 Scheduling Problems 11

1.2 Permutation Flow Shop Scheduling 12
Problem Definition 13

Examples 14

Computational Complexity 15

1.3 3-Field Notation 15

1.4 Gannt Charts 16

1.5 Objective of this work 16

1.6 Outline 17

2 A Linear Time Approximation Algorithm for PFS 18

2.1 Introduction 18
Previous Results 18

Contribution and Organization 19

2.2 Weighted Sequences 21
Weighted Monotone Sequences 21

Double Weighted Sequences 23

2.3 Lower Bounds for a Matrix Game 25
Paths and Anti-Paths 25

PFS and Matrix Games 26

Approximation guarantees of PFS solutions 26

2.4 The Greedy Avoided Path Algorithm 28

2.5 Conclusion 29

2.6 Appendix 29

3 A Faster Algorithm for Two Machine Flow Shop Scheduling 31

3.1 Introduction 31

3.2 Johnson’s Algorithm 32

3.3 Splitting the Job Set 34

3.4 Job Clustering 38

3.5 Cluster Decomposition 41

3.6 Interval Graphs 44

3.7 Cliques and Covers 45
Definitions 45

Algorithms 47

3.8 2-PFS and Interval Graphs 48

3.9 Conclusion 51

4 Competitive Deterministic Heuristics 53

DBD
PUC-Rio - Certificação Digital Nº 0521491/CA



Contents 9

4.1 Introduction 53
Previous work review 53

4.2 NEH and NEH-T 54

4.3 Extending NEH 55

4.4 Construction Phase 58
NEH-Delta 58

NEH-Alpha 60

Computational experiments 61

4.5 Improvement Phase 63
Breadth Search Improvement Phase 63

Depth Search Improvement Phase 65

Computational experiments 66

4.6 Performance Comparison 67

4.7 Conclusions 70

5 Conclusion and Future Work 73

5.1 Contribution of this work 73

5.2 Open problems 74

DBD
PUC-Rio - Certificação Digital Nº 0521491/CA



List of Figures

1.1 Gannt chart of permutation schedule π 16
1.2 Gannt chart of permutation schedule ϕ 16

3.1 Example of an interval graph 44
3.2 A clique covering of a graph 46

4.1 NEH and Enumeration Trees 57
4.2 Average gap over Taillard’s benchmark instances for the NEH-

Delta and NEH-Alpha construction phase using varying k 62
4.3 Average execution time (in seconds) over Taillard’s benchmark

instances for the NEH-Delta and NEH-Alpha construction
phase using varying k 63

4.4 Gap improvement during 50 iterations of the two improvement
phases combined with the NEH-Delta and NEH-Alpha for
k=500 (average gaps over Taillard’s benchmark instances) 67

DBD
PUC-Rio - Certificação Digital Nº 0521491/CA




