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5 
Appendixes 

5.1. 
Appendix of Chapter 1 

5.1.1. 
Aggregate Price Level 

In this appendix, we show how to express the (equilibrium) aggregate 

price level in terms of the high order beliefs. First, we replace (1.1) in (1.3) to 

obtain: 

P t = ∑
j=0

∞ ∫
Λ t−j

ErP t + 1 − rθ t ∣ ℑ t−jzdz

= r∑
j=0

∞ ∫
Λ t−j

EP t ∣ ℑt−jzdz + 1 − r∑
j=0

∞ ∫
Λ t−j

Eθ t ∣ ℑ t−jzdz.
 

From the definition of the average 1st  order belief in (1.4): 

P t = rĒP t  + 1 − rĒθ t .  

If we iterate one time, we obtain: 

P t = rĒrĒP t  + 1 − rĒθ t  + 1 − rĒθ t 

= r2ĒĒP t  + r1 − rĒĒθ t  + 1 − rĒθ t 

= r2Ē2P t  + r1 − rĒ2θ t  + 1 − rĒθ t .  

If we iterate N  times: 

P t = rNĒNP t  + 1 − r∑
k=1

N
rk−1Ēkθ t .

 

Taking the limit as ∞→N , we obtain expression (1.5): 

P t = 1 − r∑
k=1

∞
rk−1Ēkθ t ,

 

which proves the result. 

5.1.2. 
Expectations 

In this appendix, we show how a firm z  that updated its information set a 
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period jt −  computes its expectation about the fundamental mt−θ , 

( )[ ]zE jtmt −− ℑ|θ . First, we calculate the distribution of the fundamental jt −θ  given 

that the firm updated its information set at period jt − . We can compute 

( )
jtjtjt xf −−−− Θ ,| 1θ  as 

fθ t−j ∣ θ t−j−1 ,x t−j  =
fθ t−j,θ t−j−1 ,x t−j 

∫
−∞

∞
fθ t−j,θ t−j−1 ,x t−j dθ t−j

=
fθ t−j−1 ,x t−j ∣ θ t−j fθ t−j 

∫
−∞

∞
fθ t−j,θ t−j−1 ,x t−j dθ t−j

=
fθ t−j−1 ∣ θ t−jfx t−j ∣ θ t−j fθ t−j 

∫
−∞

∞
fθ t−j,θ t−j−1 ,x t−j dθ t−j

 

where the last equality holds due to the independence of ( )ztξ  and jt−ε . As 

x t−jz = θ t−j + ξ t−jz,

θ t−j−1 = θ t−j − t−j,
 

where ( ) ( )1,0 −∼ βξ Nzt  and ( )1,0 −
− ∼ αε Njt , we have that 

( ) ( )1,| −
−−− = βθθ jtjtjt Nxf  and ( ) ( )1

1 ,| −
−−−− = αθθθ jtjtjt Nf . If the dynamics of 

θ t  was ,1 jtjtjt −−−− −= ερθθ we would have 

Eθ t−j  = Eθ t  =
Et 
1 − ρ

= 0,

Varθ t−j  = Varθ t  =
Vart 
1 − ρ2

= α−1

1 − ρ2
.

 

Therefore, the distribution of jt −θ  would be given by ( ) ( )1,0 −
− Ψ= Nf jtθ  where 

( )21 ρα −=Ψ . Thus, we would obtain 

fθ t−j,θ t−j−1 ,x t−j  = c × exp − 1
2

x t−jz − θ t−j 
2

β−1
+
θ t−j−1 − ρ−1θ t−j 

2

ρ2α−1
+

θ t−j
2

Ψ−1

= c × exp − 1
2

β + α + Ψθ t−j
2 − 2βx t−jz + αρθ t−j−1 θ t−j

× exp − 1
2

βx t−j
2 z + αρ2θ t−j−1

2

= c × d × 1

2πσΣ
× exp − 1

2

θ t−j − μ2

Σ2
,

where 
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( ) ( ) ( )[ ]{ }

( ) ( )[ ] ( )

( )

( ) ,

.,

,,1

,exp2,2

12

1

11

1

1

2
1

2222

2
12/12/3

−

−
−−−−

−
−−−

−−−
−−

Ψ++=Σ

+=ΛΛ=

Ψ++=∆∆−+∆=

++Σ−−=Ψ=

αβ

αβαρθ

αββµ

θαρβµσπβαπ

jtjt

jtjt

jtjt

z

zzx

zxdc

 

As 1→ρ , we have 0→Ψ , δ→∆ , and ( ) 12 −
+→Σ αβ . Thus 

( ) ( )2

1 ,,| σµθθ Nxf jtjtjt =−−−−  where ( ) ( )[ ]
11 −−− −+= jtjt zx θδδµ , and 

( ) 12 −
+= αβσ . 

5.1.3. 
High order beliefs 

In this Appendix we derive the general formula of the k  -th order average 

expectation 

Ēkθ t  = λ∑
m=0

∞ 1 − λm κm ,kθ t−m + δm ,kθ t−m−1 
 

with the weights ( )
kmkm ,, ,δκ  recursively defined for 1≥k  

κm ,k+1

δm ,k+1

=
1 − δ

δ
1 − 1 − λm k + Am

κm ,k

δm ,k

,

 

where the matrix Am  is given by 

Am ≡
1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  0

δ 1 − 1 − λm+1 − 1 − 1 − λm  1 − 1 − λm+1
,

 

and the initial weights are ( ) ( )δδδκ ,1, ,1,1 −≡kk . We start by computing [ ]tE θ1  as 

Ē1θ t  = ∑
j=0

∞ ∫
Λ j

EĒ0θ t  ∣ ℑt−jzdz

= ∑
j=0

∞ ∫
Λ j

Eθ t ∣ ℑt−jzdz

= ∑
j=0

∞ ∫
Λ j

1 − δx t−jz + δθ t−j−1 dz

= λ∑
j=0

∞ 1 − λj1 − δθ t−j + δθ t−j−1 .
 

We can use this result to obtain [ ]tE θ2  as 
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Ē2θ t  = ∑
m=0

∞ ∫
Λm

EĒ1θ t  ∣ ℑt−m zdz

= λ∑
m=0

∞ ∫
Λm

∑
j=0

∞ 1 − λjE1 − δθ t−j + δθ t−j−1 ∣ ℑt−m zdz.
 

We know that 

Eθ t−j ∣ ℑ t−m z =
1 − δx t−m z + δθ t−m−1 : m ≥ j,

θ t−j : m < j.
 

Thereafter, 

Ē2θ t  = λ∑
m=0

∞ ∫
Λm

∑
j=0

m−11 − λj1 − δEθ t−j ∣ ℑt−m z + δEθ t−j−1 ∣ ℑt−m zdz

+ λ∑
m=0

∞ ∫
Λm

1 − λm1 − δEθ t−m ∣ ℑt−m z + δθ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

∑
j=m+1

∞ 1 − λj1 − δθ t−j + δθ t−j−1 dz

= λ∑
m=0

∞ ∫
Λm

∑
j=0

m−11 − λj1 − δx t−m z + δθ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

1 − λm 1 − δ1 − δx t−m z + δθ t−m−1  + δθ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

∑
j=m+1

∞ 1 − λj1 − δθ t−j + δθ t−j−1 dz

= λ2 ∑
m=0

∞ 1 − λm 1 − δθ t−m + δθ t−m−1 ∑ j=0

m−11 − λj

+ λ2 ∑
m=0

∞ 1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1

+ λ2 ∑
j=1

∞ 1 − λj1 − δθ t−j + δθ t−j−1 ∑m=0

j−1 1 − λm

= λ∑
m=0

∞ 1 − λm 1 − δθ t−m + δθ t−m−1 1 − 1 − λm 

+ λ2 ∑
m=0

∞ 1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1

+ λ∑
j=1

∞ 1 − λj1 − δθ t−j + δθ t−j−1  1 − 1 − λj

= λ∑
m=0

∞ 1 − λm 21 − 1 − λm 1 − δθ t−m + δθ t−m−1 

+ λ2 ∑
m=0

∞ 1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1 .
 

We can write this expression as 

Ē2θ t  = λ∑
j=0

∞ 1 − λjκ j,2θ t−j + δ j,2θ t−j−1 ,
 

where 

κ j,2 = 1 − δ2  1 − 1 − λj + 1 − δ2 1 − 1 − λj+1

= 1 − 1 − λj+1 κ j,1
2 + 1 − 1 − λj 1 − δ j,1

2 ,

δ j,2 = δ2 1 − 1 − λj + 1 − 1 − δ2 1 − 1 − λj+1

= 1 − 1 − λj+1 1 − κ j,1
2 + 1 − 1 − λj δ j,1

2 .
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Note that 

κ j,2 + δ j,2 = ∑
n=0

1
1 − 1 − λj n

1 − 1 − λj+1 1−n
.

 

We use induction to obtain the general case. Suppose that (1.11) holds for 

1−k . Then 

Ēk−1θ t  = λ∑
m=0

∞ 1 − λm κm ,k−1θ t−m + δm ,k−1θ t−m−1 ,
 

where 

∑
j=0

m−11 − λjκ j,k−1 + δ j,k−1  = 1
λ
1 − 1 − λm k−1 .

 

As a result, 

Ēkθ t  = ∑
m=0

∞ ∫
Λm

EĒk−1θ t  ∣ ℑ t−m zdz

= ∑
m=0

∞ ∫
Λm

E λ∑
j=0

∞ 1 − λjκ j,k−1θ t−j + δ j,k−1θ t−j−1  ∣ ℑ t−m z dz

= λ∑
m=0

∞ ∫
Λm

∑
j=0

m−11 − λjκ j,k−1 Eθ t−j ∣ ℑ t−m z + δ j,k−1Eθ t−j−1 ∣ ℑ t−m zdz

+ λ∑
m=0

∞ ∫
Λm

1 − λmκm ,k−1 Eθ t−m ∣ ℑ t−m z + δm ,k−1θ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

∑
j=m+1

∞ 1 − λ jκ j,k−1θ t−j + δ j,k−1θ t−j−1 dz

= λ∑
m=0

∞ ∫
Λm

∑
j=0

m−11 − λjκ j,k−1 + δ j,k−1 1 − δx t−m z + δθ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

1 − λm κm ,k−1 1 − δx t−m z + δθ t−m−1  + δm ,k−1θ t−m−1 dz

+ λ∑
m=0

∞ ∫
Λm

∑
j=m+1

∞ 1 − λ jκ j,k−1θ t−j + δ j,k−1θ t−j−1 dz

= λ2 ∑
m=0

∞ 1 − λm 1 − δθ t−m + δθ t−m−1 ∑j=0

m−11 − λjκ j,k−1 + δ j,k−1 

+ λ2 ∑
m=0

∞ 1 − λ2m κm ,k−11 − δθ t−m + κm ,k−1δ + δm ,k−1 θ t−m−1 

+ λ2 ∑
j=1

∞ 1 − λjκ j,k−1θ t−j + δ j,k−1θ t−j−1 ∑m=0

j−1 1 − λm

= λ∑
m=0

∞ 1 − λm 1 − 1 − λm k−1 1 − δθ t−m + δθ t−m−1 

+ λ2 ∑
m=0

∞ 1 − λ2m κm ,k−11 − δθ t−m + κm ,k−1δ + δm ,k−1 θ t−m−1 

+ λ∑
m=0

∞ 1 − λm 1 − 1 − λm κm ,k−1θ t−m + δm ,k−1θ t−m−1 .
 

We can rewrite the last three lines above as 

Ēkθ t  = λ∑
m=0

∞ 1 − λm κm ,kθ t−m + δm ,kθ t−m−1 ,
 

where 
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κm ,k ≡ 1 − δ1 − 1 − λm k−1 + 1 − δλ1 − λm + 1 − 1 − λm κm ,k−1

= 1 − δ1 − 1 − λm k−1

+ 1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  κm ,k−1 ,

δm ,k ≡ δ1 − 1 − λm k−1 + δλ1 − λmκm ,k−1 + λ1 − λm + 1 − 1 − λm δm ,k−1

= δ1 − 1 − λm k−1

+ δ 1 − 1 − λm+1 − 1 − 1 − λm  κm ,k−1 + 1 − 1 − λm+1 δm ,k−1 ,

since ( ) ( )[ ] ( )[ ].11111
1 mmm λλλλ −−−−−=−

+
 

Rewriting these weights in matrix format, we obtain 

κm ,k+1

δm ,k+1

=
1 − δ

δ
1 − 1 − λm k + Am

κm ,k

δm ,k

,

 

where the matrix Am  is given by 

Am ≡
1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  0

δ 1 − 1 − λm+1 − 1 − 1 − λm  1 − 1 − λm+1
,

 

which is exactly our result. 

5.2. 
Appendix of Chapter 2 

5.2.1. 
Expectations 

At this appendix we show that 

Et−i ∣ yt−i  =
γ

γ + α yt−i

 

and that 

Et−j ∣ yt−j,v t−j  =
γ

γ + β + α
yt−j +

β
γ + β + α

v t−j .
 

In order to derive [ ]itit yE −− |ε , we have to find ( )itit yf −− |ε . Using Bayes 

theorem, we have 

ft−i ∣ yt−i  =
ft−i,yt−i 

fyt−i 
=

fyt−i ∣ t−i ft−i 

∫ fyt−i ∣ t−i ft−i dt−i
 

But 
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fyt−i ∣ t−i ft−i 

= 1

2παγ−1/2
exp − 1

2

yt−i − t−i 2

γ−1
+

t−i
2

α−1

= 1

2παγ−1/2
exp − 1

2
γyt−i

2 − 2γt−iyt−i + γt−i
2 + αt−i

2 

= 1

2παγ−1/2
exp − 1

2
γ + α t−i −

γ
γ + α yt−i

2

− γ2

γ + α yt−i
2 + γyt−i

2

= c 1

2π α + γ−1/2
exp − 1

2

t−i −
γ

γ+α yt−i

γ + α−1

where 

c = 1
2π

αγ
α + γ exp − 1

2

γα
γ + α yt−i

2

 

So 

ft−i ∣ yt−i  =
fyt−i ∣ t−ift−i 

∫ fyt−i ∣ t−i ft−i dt−i

= N
γ

γ + α yt−i, γ + α−1

 

Therefore 

Et−i ∣ yt−i  =
γ

γ + α yt−i,∀i ≥ 1
 

We could obtain this result computing 

Et−i ∣ yt−i  =
covt−i,yt−i 

varyt−i 
yt−i

=
covt−i,t−i + ηt−i 

vart−i + ηt−i 
yt−i

= α−1

α−1 + γ−1
yt−i =

γ
γ + α yt−i

 

We also use Bayes theorem to obtain Et−j ∣ yt−j, v t−j  . 

ft−j ∣ yt−j,v t−j  =
fyt−j,v t−j,t−j 

fyt−j,v t−j 

=
fyt−j, v t−j ∣ t−j ft−j 

∫ fyt−j,v t−j ∣ t−j ft−j dt−j

=
fyt−j ∣ t−jfv t−j ∣ t−j ft−j 

∫ fyt−j,v t−j ∣ t−j ft−j dt−j
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where the last equality holds due to the independence of ( )zjt−ξ  and jt−η . So 

fyt−j ∣ t−j fv t−j ∣ t−j ft−j 

= d exp − 1
2

yt−j − t−j 
2

γ−1
+

v t−j − t−j 
2

β−1
+

t−j
2

α−1

= d exp − 1
2

γyt−j
2 − 2γt−jyt−j + γt−j

2 + βv t−j
2 − 2βt−jv t−j + βt−j

2 + αt−j
2

= d exp − 1
2

γyt−j
2 + βv t−j

2 − 2t−jγyt−j + βv t−j  + γ + β + αt−j
2

= d exp − 1
2

γyt−j
2 + βv t−j

2 −
γy t−j + βv t−j 

2

γ + β + α
+ γ + β + α t−j −

γyt−j + βv t−j

γ + β + α

2

= e 1

2π1/2γ + β + α−1/2
exp − 1

2

t−j −
γy t−j+βv t−j

γ+β+α

2

γ + β + α−1

 

where 

d = 1

2π3/2αβγ−1/2

e = 1
2π

αβγ
γ + β + α

exp − 1
2

γyt−j
2 + βv t−j

2 −
γyt−j + βv t−j 

2

γ + β + α
 

Therefore, 

ft−j ∣ yt−j,v t−j  =
fyt−j ∣ t−jfv t−j ∣ t−j ft−j 

∫ fyt−j,v t−j ∣ t−j ft−j dt−j

= N
γyt−j + βv t−j

γ + β + α
, γ + β + α−1

 

and, consequently, 

Et−i ∣ yt−i  =
γyt−j + βv t−j

γ + β + α
 

5.2.2. 
Beliefs 

In this appendix we prove Lemma 1. That is, we wants to derive the 

general formula of the k  -th order average expectation [ ]t

k
E θ . 

Ēkθ t  = λ∑
m=0

∞ 1 − λm am ,kθ t−m + bm ,kθ t−m−1  + κ∑
m=0

∞ 1 − λm cm ,kyt−m
 

considering that the weights ( )kmkmkm cba ,,, ,,  are recursively defined, for 1≥k , by 
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am ,k+1

bm ,k+1

bm ,k+1

=

1 − δ

δ

ρ

1 − 1 − λm k + Am

am ,k

bm ,k

cm ,k

,

 

where the matrix Am  is given by 

 Am ≡

1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  0 0

δ 1 − 1 − λm+1 − 1 − 1 − λm  1 − 1 − λm+1 0

λρ1 − λm 0 1
 

(4.1) 

 

and the initial weights are ( ) ( )ρδδ ,,1,, 1,1,1, −≡mmm cba , and ( )δλρ −−≡ 11 . 

We start by computing [ ]tE θ1  as 

∑
j=0

∞
∫
Λ j

EĒ0θ t  ∣ ℑ t−jzdz

= ∑
j=0

∞
∫
Λ j

Eθ t ∣ ℑ t−jzdz

= ∑
j=0

∞
∫
Λ j

1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=0

j−1
yt−i dz

= λ∑
j=0

∞
1 − λj 1 − δθ t−j + δθ t−j−1 + δκyt−j + κ∑

i=0

j−1
yt−i

= λ∑
j=0

∞
1 − λj1 − δθ t−j + δθ t−j−1 

+ κ δλ∑
j=0

∞
1 − λjyt−j + λ∑

i=0

∞
yt−i ∑

j=i+1

∞
1 − λj

= λ∑
j=0

∞
1 − λj1 − δθ t−j + δθ t−j−1  + ρκ∑

i=0

∞
1 − λiyt−i.

 

This expression shows that ( ) ( )ρδδ ,,1,, 1,1,1, −≡mmm cba . We can use this 

result to obtain [ ]tE θ2  as 

∑
m=0

∞
∫
Λm

EĒ1θ t  ∣ ℑt−m zdz

= λ ∑
m=0

∞
∫
Λm

∑
j=0

∞
1 − λjE1 − δθ t−j + δθ t−j−1 ∣ ℑt−m zdz + ρκ∑

k=0

∞
1 − λkyt−k.

 This last equality holds because kty −  belongs to the information set 

DBD
PUC-Rio - Certificação Digital Nº 0610523/CA



Informational Frictions and Inflation Dynamics  85 

 

( )zmt−ℑ , mk ,∀ . We know that 

Eθ t−j ∣ ℑt−m z =
1 − δx t−m z + δθ t−m−1 + δκyt−m + κ∑

i=j

m−1
yt−i : j ≤ m

θ t−j : j > m

Using this expression, we can write [ ]tE θ2  as 

λ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λj1 − δEθ t−j ∣ ℑt−m z + δEθ t−j−1 ∣ ℑt−m zdz

+ λ ∑
m=0

∞
∫
Λm

1 − λm1 − δEθ t−m ∣ ℑt−m z + δθ t−m−1 dz

+ λ ∑
m=0

∞
∫
Λm

∑
j=m+1

∞
1 − λ j1 − δθ t−j + δθ t−j−1 dz + ρκ∑

k=0

∞
1 − λkyt−k

= λ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λj1 − δx t−m z + δθ t−m−1 dz

+ λκ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λ j ∑
i=j

m−1

1 − δyt−i + δyt−i−1  dz

+ λ ∑
m=0

∞
∫
Λm

1 − λm 1 − δ1 − δx t−m z + δθ t−m−1 + δκy t−m  + δθ t−m−1 dz

+ λ ∑
m=0

∞
∫
Λm

∑
j=m+1

∞
1 − λ j1 − δθ t−j + δθ t−j−1 dz + ρκ∑

k=0

∞
1 − λkyt−k

= λ2 ∑
m=0

∞
1 − λm 1 − δθ t−m + δθ t−m−1 ∑

j=0

m−1

1 − λ j

+ κλ2 ∑
m=0

∞
1 − λm ∑

i=0

m−1

1 − δyt−i + δyt−i−1 ∑j=0

i 1 − λj

+ λ2 ∑
m=0

∞
1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1 + δ1 − δκyt−m

+ λ2 ∑
j=1

∞
1 − λ j1 − δθ t−j + δθ t−j−1 ∑

m=0

j−1

1 − λm + ρκ∑
k=0

∞
1 − λkyt−k

= λ ∑
m=0

∞
1 − λm 1 − δθ t−m + δθ t−m−1 1 − 1 − λm 

+ κλ∑
i=0

∞
1 − δyt−i + δy t−i−1  1 − 1 − λi+1 ∑

m=i+1

∞
1 − λm

+ λ2 ∑
m=0

∞
1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1 + δ1 − δκyt−m

+ λ∑
j=1

∞
1 − λj1 − δθ t−j + δθ t−j−1  1 − 1 − λj + ρκ∑

k=0

∞
1 − λkyt−k
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= λ ∑
m=0

∞
1 − λm 21 − 1 − λm 1 − δθ t−m + δθ t−m−1 

+ λ2 ∑
m=0

∞
1 − λ2m 1 − δ2θ t−m + 1 − 1 − δ2 θ t−m−1

+ κ∑
i=0

∞
1 − λiyt−i δ 1 − ρ1 − λi + 1 − δ 1 − ρ1 − λi+1 + 2ρ − 1

 

We can write this expression as 

Ē2θ t  = λ∑
j=0

∞ 1 − λja j,2θ t−j + b j,2θ t−j−1  + κ∑
j=0

∞ 1 − λjcj,2yt−j
 

where 

α j,2 = 1 − δ2  1 − 1 − λj + 1 − δ2 1 − 1 − λj+1

b j,2 = δ2 1 − 1 − λj + 1 − 1 − δ2 1 − 1 − λj+1

cj,2 = δ 1 − ρ1 − λj + 1 − δ 1 − ρ1 − λj+1 + 2ρ − 1
 

These expressions shows that we have 

a j,2

b j,2

cj,2

=

1 − δ

δ

ρ

1 − 1 − λm  + Am

1 − δ

δ

ρ
 

where the matrix Am  is given by (4.1). Note also that we can write 2,2, jj ba +  as 

 aj,k + b j,k = ∑
n=0

k−1

1 − 1 − λj n
1 − 1 − λj+1 k−1−n

,   #   

 

(4.2) 

 

for 2=k . We use induction to prove this formula and to obtain the general case. 

Suppose that (2.8) holds for k . Assume that 

Ēkθ t  = λ∑
j=0

∞
1 − λjaj,kθ t−j + b j,kθ t−j−1  + κ∑

j=0

∞
1 − λjcj,kyt−j

 

Then 

a j,k+1 + bj,k+1 = 1 1 0

aj,k+1

bj,k+1

cj,k+1
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= 1 1 0

1 − δ

δ

ρ

1 − 1 − λj + 1 1 0 A j

a j,k

b j,k

cj,k

= 1 − 1 − λj k
+ 1 − 1 − λj+1 aj,k + bj,k 

= 1 − 1 − λj k
+ ∑

n=0

k−1

1 − 1 − λj n
1 − 1 − λj+1 k−n

= ∑
n=0

k

1 − 1 − λj n
1 − 1 − λj+1 k−n

This proves that (4.2) holds forn any k. Therefore, we have that 

∑
j=0

m−1

1 − λjaj,k + b j,k 

= ∑
j=0

m−1

1 − λj ∑
n=0

k−1

1 − 1 − λj n
1 − 1 − λj+1 k−1−n

= ∑
j=0

m−1

1 − λj 1 − 1 − λj+1 k−1 ∑
n=0

k−1 1 − 1 − λj

1 − 1 − λj+1

n

= 1
λ
∑
j=0

m−1

1 − 1 − λj+1 k − 1 − 1 − λj k

= 1
λ

1 − 1 − λm k − 1 − 1 − λ0 k
= 1

λ
1 − 1 − λm k

 

With this result, we are now able to obtain [ ]t

k
E θ1+ , assuming that [ ]t

k
E θ  

is given by (2.6).  

Ēk+1θ t 

= ∑
m=0

∞
∫
Λm

EĒkθ t  ∣ ℑ t−m zdz

= ∑
m=0

∞
∫
Λm

E λ∑
j=0

∞ 1 − λja j,kθ t−j + b j,kθ t−j−1  + κ∑
j=0

∞
1 − λjcj,ky t−j ∣ ℑt−m z dz

= λ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λja j,kEθ t−j ∣ ℑ t−m z + b j,kEθ t−j−1 ∣ ℑt−m zdz

+ λ ∑
m=0

∞
∫
Λm

1 − λmam ,kEθ t−m ∣ ℑt−m z + bm ,kθ t−m−1 dz

+ λ ∑
m=0

∞
∫
Λm

∑
j=m+1

∞
1 − λja j,kθ t−j + b j,kθ t−j−1 dz + κ∑

j=0

∞
1 − λjc j,kyt−j
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= λ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λ ja j,k + b j,k 1 − δx t−m z + δθ t−m−1 + δκyt−m dz

+ λ ∑
m=0

∞
∫
Λm

∑
j=0

m−1

1 − λj a j,k + b j,k κ ∑
i=j+1

m−1

yt−i + κaj,kyt−j dz

+ λ ∑
m=0

∞
∫
Λm

1 − λm am ,k1 − δx t−m z + δθ t−m−1 + δκyt−m  + bm ,kθ t−m−1 dz

+ λ ∑
m=0

∞
∫
Λm

∑
j=m+1

∞
1 − λja j,kθ t−j + bj,kθ t−j−1 dz + κ∑

j=0

∞
1 − λ jc j,kyt−j

= λ2 ∑
m=0

∞
1 − λm 1 − δθ t−m + δθ t−m−1 + δκyt−m ∑

j=0

m−1

1 − λjaj,k + b j,k 

+ κλ2 ∑
m=0

∞
1 − λm ∑

i=1

m−1

yt−i ∑
j=0

i−1

1 − λja j,k + b j,k 

+ κλ2 ∑
j=0

∞
1 − λja j,kyt−j ∑

m=j+1

∞
1 − λm

+ λ2 ∑
m=0

∞
1 − λ2m am ,k1 − δθ t−m + δκyt−m  + am ,kδ + bm ,k θ t−m−1 

+ λ2 ∑
j=1

∞
1 − λja j,kθ t−j + bj,kθ t−j−1 ∑

m=0

j−1

1 − λm + κ∑
j=0

∞
1 − λ jcj,kyt−j

= λ ∑
m=0

∞
1 − λm 1 − δθ t−m + δθ t−m−1 + δκyt−m 1 − 1 − λm k

+ κλ∑
i=1

∞
y t−i 1 − 1 − λi k ∑

m=i+1

∞
1 − λm

+ κλ∑
j=0

∞
1 − λ2j+1 aj,kyt−j

+ λ2 ∑
m=0

∞
1 − λ2m am ,k1 − δθ t−m + δκyt−m  + am ,kδ + bm ,k θ t−m−1 

+ λ∑
j=1

∞
1 − λja j,kθ t−j + b j,kθ t−j−1  1 − 1 − λj

+ κ∑
j=0

∞
1 − λjcj,kyt−j

= λ ∑
m=0

∞
1 − λm 1 − 1 − λm k1 − δθ t−m + δθ t−m−1 

+ λ2 ∑
m=0

∞
1 − λ2m am ,k1 − δθ t−m + am ,kδ + bm ,k θ t−m−1 

+ λ ∑
m=0

∞
1 − λm am ,kθ t−m + bm ,kθ t−m−1 1 − 1 − λm 

+ κ ∑
m=0

∞
1 − λm yt−m ρ1 − 1 − λm k + λρ1 − λm am ,k + cm ,k
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We can rewrite this expression as 

Ēk+1θ t  = ∑
m=0

∞ 1 − λmλam ,k+1θ t−m + bm ,k+1θ t−m−1  + κcm ,k+1yt−j,
 

where 

am ,k+1 ≡ 1 − δ1 − 1 − λm k + 1 − δλ1 − λm + 1 − 1 − λm am ,k

= 1 − δ1 − 1 − λm k

+ 1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  am ,k

bm ,k+1 ≡ δ1 − 1 − λm k + δλ1 − λm am ,k + λ1 − λm + 1 − 1 − λm bm ,k

= δ1 − 1 − λm k

+ δ 1 − 1 − λm+1 − 1 − 1 − λm  am ,k + 1 − 1 − λm+1 bm ,k

cm ,k+1 = ρ1 − 1 − λm k + λρ1 − λm am ,k + cm ,k

 

since ( ) ( )[ ] ( )[ ].11111
1 mmm λλλλ −−−−−=−

+
 

Rewriting these weights in matrix format, we obtain 

am ,k=1

bm ,k+1

cm ,k+1

=

1 − δ

δ

ρ

1 − 1 − λm k + Am

am ,k

bm ,k

cm ,k

,

 

where the matrix Am  is given by (4.1), which is exactly our result. 

5.2.3. 
Linear Equilibrium 

In this appendix we prove that the linear equilibrium is the unique 

equilibrium of the game. We departure from the equilibrim expression for 

( ) [ ]t

kk

kt ErrP θ1
11 −∞

=∑−=  to obtain ktkkktkkt ydcP −
∞

=−
∞

= ∑+∑= 10 θ . Plugging (2.6) 

into (2.4), we obtain 

P t = 1 − r∑
k=1

∞
rk−1Ēkθ t 

= 1 − r∑
k=1

∞
rk−1 ∑

m=0

∞ 1 − λm λθ t−m λθ t−m−1 κyt−m

am ,k

bm ,k

cm ,k

.

 

We write (2.6) as a function of the initial parameters, we write it 
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am ,k

bm ,k

cm ,k

= ∑
i=0

k−1

Am
i Bm

k−1−i

1 − δ

δ

ρ

= 1 − 1 − λm k−1 ∑
i=0

k−1

Cm
i

1 − δ

δ

ρ

 

where ( )[ ]IB
m

m λ−−= 11 , ( )[ ]
m

m

m AC
1

11
−

−−= λ , and I  is the identity matrix of 

order three. Using this expression and defining the column vector of inicial 

parameters, ( )[ ]T
V ρδδ−≡ 11 , we can express tP  as 

1 − r ∑
m=0

∞
∑
k=1

∞
∑
i=0

k−1

r1 − 1 − λm k−11 − λm λθ t−m λθ t−m−1 κyt−m Cm
i V1

= 1 − r ∑
m=0

∞
∑
i=0

∞
∑

k=i+1

∞
r1 − 1 − λm k−1 1 − λm λθ t−m λθ t−m−1 κyt−m Cm

i V1

= 1 − r ∑
m=0

∞ r1 − 1 − λm i

1 − r1 − 1 − λm 
1 − λm λθ t−m λθ t−m−1 κyt−m ∑

i=0

∞
Cm V1

= 1 − r ∑
m=0

∞ 1 − λm

1 − r1 − 1 − λm 
λθ t−m λθ t−m−1 κyt−m ∑

i=0

∞
rAm  i V1

= 1 − r ∑
m=0

∞ 1 − λm

1 − r1 − 1 − λm 
λθ t−m λθ t−m−1 κyt−m I − rAm −1V1

 

Computing ( ) 1−
− mrAI , we obtain 

1

1−r 1−δ 1−1−λm+1 +δ1−1−λm 
0 0

rδ 1−1−λm+1 −1−1−λm 

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

1

1−r 1−1−λm+1
0

rλρ1−λm

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r
0 1

1−r

.

 

Therefore, 

I − rAm −1V1 =

1−δ 1−r 1−1−λm+1

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

δ1−r1−1−λm  

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

1−r1−1−λm   1−r 1−1−λm+1

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

ρ

1−r

 

Finally, we use this expression to compute P t  as 
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P t = 1 − r∑
m=0

∞ 1 − λm

1 − r1 − 1 − λm 
λθ t−m λθ t−m−1 κyt−m

×

1−δ 1−r 1−1−λm+1

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

δ1−r1−1−λm 

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

1−r1−1−λm   1−r 1−1−λm+1

1−r 1−δ 1−1−λm+1 +δ1−1−λm  1−r 1−1−λm+1

ρ

1−r

= ∑
m=0

∞
Km 1 − Δm θ t−m + Δmθ t−m−1  + ∑

m=0

∞
dm yt−m

 

where 

Km ≡
1 − rλ1 − λm

1 − r1 − 1 − λm  1 − r 1 − 1 − λm+1
,

Δm ≡
δ1 − r1 − 1 − λm 

1 − r 1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm 
,

dm ≡ κ
ρ1 − λm

1 − r 1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm 
.

 

As 

1 − r 1 − δ 1 − 1 − λm+1 + δ1 − 1 − λm  = 1 − r1 − ρ1 − λm 
 

and 

c0 = K01 − Δ0 ,

ck = Km−1Δm−1 + Km 1 − Δm , m ≥ 1,
 

we have our result. 

5.2.4. 
Matching coefficients 

In this appendix we compute the equilibrium P t , assuming that it is a 

linear function of (Θ t , Yt ), i.e. 

 P t = ∑
j=0

∞
cjθ t−j +∑j=0

∞
djyt−j.   #   

 
(4.3) 

 

First, remember that 
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Eθ t−m ∣ ℑt−jz =
1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑

i=m

j−1

yt−i ,m ≤ j

θ t−m ,m > j

.   #   

 

We combine (2.1) and (2.2) to obtain optimal price for a firm z  that last 

updated information at jt −  as, ( )zp tj , , as 

p j,tz = E1 − rθ t + rP t ∣ ℑt−jz

= 1 − rEθ t ∣ ℑ t−jz + r∑
m=0

j
cm Eθ t−m ∣ ℑt−jz

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm yt−m .

 

This last equality holds because ( )zjt−ℑ  encompasses 1−−Θ jt  and tY , 

meaning that firm z  knows mt−θ , for jm > , and mty − . We use (2.5) to obtain 

( )zp tj ,  as 

p j,tz = 1 − r 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=0

j−1

yt−i

+ r ∑
m=0

j

cm 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=m

j−1

yt−i

+ r ∑
m=j+1

∞
cmθ t−m + r ∑

m=0

∞
dm yt−m

= 1 − r 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=0

j−1

yt−i

+ r1 − δx t−jz + δθ t−j−1 + δκyt−j  ∑
m=0

j

cm + rκ∑
i=0

j−1

yt−i ∑
m=0

i

cm

+ r ∑
m=j+1

∞
cmθ t−m + r ∑

m=0

∞
dm yt−m

= 1 − r1 − C j 1 − δx t−jz + δθ t−j−1 + δκyt−j 

+ κ∑
k=0

j−1

1 − r1 − Ck yt−k + r ∑
m=j+1

∞
cmθ t−m + r ∑

m=0

∞
dm yt−m

 

where 

Cm ≡ ∑
j=0

m
cj.

 

As a result, the price level P t  is writen as 
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∫ p tzdz

= λ ∑
m=0

∞
1 − λm

1 − r 1 − δθ t−m + δθ t−m−1 + δκyt−m + κ∑
i=1

m

yt−m+i

+r∑
j=0

m

cj 1 − δθ t−m + δθ t−m−1 + δκyt−m + κ∑
i=1

m−j
yt−m+i

+r ∑
j=m+1

∞
cjθ t−j + r∑

j=0

∞
djyt−j

 

Comparing this solution with the proposed one, we obtain 

∑
j=0

∞
cjθ t−j +∑ j=0

∞
d jyt−j

= 1 − r1 − δλ∑
m=0

∞ 1 − λmθ t−m + 1 − rδλ∑
m=0

∞ 1 − λmθ t−m−1

+ r1 − δλ∑
m=0

∞ 1 − λm Cmθ t−m

+ λrδ∑
m=0

∞ 1 − λm Cmθ t−m−1 + r∑
j=1

∞
cjθ t−j − r∑

j=1

∞
cj1 − λjθ t−j

+ 1 − rλδκ∑
m=0

∞ 1 − λm yt−m + 1 − rκ∑
i=0

∞ 1 − λi+1yt−i

+ rλδκ∑
m=0

∞ 1 − λm Cm yt−m + κr∑
i=0

∞
C i1 − λi+1yt−i + r∑

j=0

∞
d jyt−j

 

Matching coefficients of θ t−j , we obtain 

c0 = 1 − r1 − δλ + r1 − δλc0  

and, 1≥∀j , 

cj = 1 − r1 − δλ1 − λj + 1 − rδλ1 − λj−1

+ r1 − δλ1 − λjC j + λrδ1 − λj−1C j−1

+ rcj − rcj1 − λ.
 

Solving recursively this equations we obtain 

 

c0 ≡
1 − r1 − ρ
1 − r1 − ρ

= 1 − r
r

1
1 − r1 − ρ

− 1

cj =
1 − r

r
1

1 − r 1 − ρ1 − λ j
− 1

1 − r 1 − ρ1 − λj−1
, j > 1

  #   

 

(4.4) 

 

where ( ).11 δλρ −−=  

This result show us that 
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Cm ≡ c0 +∑
j=1

m
cj

=
1 − r1 − ρ
1 − r1 − ρ

+ 1 − r
r

1
1 − r1 − ρ1 − λm 

− 1 − r
r

1
1 − r1 − ρ

=
1 − r

1 − r1 − ρ
r1 − ρ − 1

r + 1 − r
r

1
1 − r1 − ρ1 − λm 

= 1 − r
r

1
1 − r1 − ρ1 − λm 

− 1

 Although this solution considers 0>m , it also holds for the case 0=m . 

Matching coefficients of jty − , we have, 0≥∀j , 

d j = 1 − rλδκ1 − λj + 1 − rκ1 − λj+1

+ rλδκ1 − λjC j + κrC j1 − λj+1 + rd j.
 

Therefore, we have that 

1 − rdj = λδκ + κ1 − λ1 − λj1 − r + rC j   

Using the solution we found for C j , we obtain 

 d j = 1 − λj λδκ + κ1 − λ

1 − r 1 − ρ1 − λj
.   #   

 

(4.5) 

In summary, the equilibrium price level is given by (4.3), where the 

coefficients ( jc , jd ) is given by (4.4) and (4.5). 

5.2.5. 
Prices 

In this appendix we write ( )
tjtjtt Yxp ,, 1−−− Θ  as a function of independent 

shocks. 

p tx t−j,Θ t−j−1 ,Yt 

= Ωj1 − δx t−jz + δθ t−j−1 + δκyt−j

+ κ∑
k=0

j−1
Ωkyt−k

+∑
m=j+1

∞ Ωm − Ωm−1 θ t−m + r∑
m=0

∞
dm yt−m

= Ωj1 − δθ t−j−1 + t−j + ξ t−jz + δθ t−j−1 + δκt−j + ηt−j 

+ κ∑
k=0

j−1
Ωkt−k + ηt−k 

− Ωjθ t−j−1 +∑
m=j+1

∞
Ωmt−m + κ∑

m=0

∞ rρ1 − λm

1 − r
Ωm t−m + ηt−m 
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= Ωj1 − δt−j + ξ t−jz + δκt−j + ηt−j  +
rρ1 − λj

1 − r
Ωjt−j + ηt−j 

+ κ∑
m=0

∞ rρ1 − λm

1 − r
+ 1 Ωm t−m + ηt−m 

+∑
m=j+1

∞
Ωm t−m + κ∑

m=j+1

∞ rρ1 − λm

1 − r
Ωm t−m + ηt−m 

= Ωj1 − δt−j + ξ t−jz + δκt−j + ηt−j  + Ωj
−1 − 1 Ωjt−j + ηt−j 

+ κ∑
m=0

∞
Ωm

−1Ωm t−m + ηt−m 

+∑
m=j+1

∞
Ωm t−m + κ∑

m=j+1

∞ Ωm
−1 − 1Ωm t−m + ηt−m 

= +Ωj1 − δξ t−jz + 1 − δΩj1 − κt−j + 1 − Ωj1 − δκηt−j

+ κ∑
m=0

∞ t−m + ηt−m 

+∑
m=j+1

∞ κ + Ωm − κΩm t−m + κ∑
m=j+1

∞ 1 − Ωm ηt−m
 

5.2.6. 
Social Welfare and optimal pricing 

We now introduce an efficiency benchmark that addresses whether higher 

welfare could be obtained if agents were to use their available information in a 

different way than they do in equilibrium. Following Angeletos and Pavan (2007), 

we adopt as our efficiency benchmark the strategy that maximizes ex ante utility 

subject to the sole constraint that information cannot be transferred from one 

agent to another. The Lagrangian for our problem is 

EΠ = −λ ∫
Θ t,Yt

∑
j=0

∞ 1 − λjux t−j,Θ t,Yt 
2
dFx t−j ∣ Θ t,Yt  dFΘ t,Yt 

+ ∫
Θ t,Yt

ηΘ t,Yt hΘ t,Yt dFΘ t,Yt  = 0

 

where ( ) ( ) ( ) ( )[ ]tttttjtjttttjt YrPrYxpYxu ,1,,,, 1 Θ+−−Θ≡Θ −−−− θ  and ( )tt Y,Θη  is a 

Lagrangian multiplier associated with the constraint 

hΘ t, Yt  ≡ P tΘ t,Yt  − λ∑
j=0

∞ 1 − λj ∫
x t−j

p tx t−j,Θ t−j−1 ,Yt dFx t−j ∣ Θ t,Yt .

 

Because the program is concave, the solution is given by the first-order 

conditions relative to ( )ttt YP ,Θ  and ( )
tjtjtt Yxp ,, 1−−− Θ . 
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2rλ∑
j=0

∞ 1 − λj ∫
x t−j

ux t−j,Θ t,Yt dFx t−j ∣ Θ t,Yt  + ηΘ t,Yt  = 0,

− 2 ∫
Θ t

ux t−j,Θ t,Yt dFΘ t ∣ x t−j,Θ t−j−1 ,Yt 

− ∫
Θ t

ηΘ t,Yt dFΘ t ∣ x t−j,Θ t−j−1 ,Yt  = 0
 

Consider the first condition. Noting that 

P tΘ t,Yt  = λ∑
j=0

∞ 1 − λj ∫
x t−j

p tx t−j,Θ t−j−1 , Yt dFx t−j ∣ Θ t,Yt ,
 

we obtain an expression for the multiplier 

ηΘ t, Yt  = 2r1 − rθ t − P tΘ t, Yt .  

If we substitute this expression in the secord condition we obtain 

p tx t−j,Θ t−j−1 ,Yt−j  = E1 − r∗ θ t + r∗P tΘ t,Yt  ∣ ℑt−jz,
 

where 

r∗ ≡ 1 − 1 − r2 .
 

5.2.7. 
Welfare and communication 

In this appendix, we show that the efficiency criterion EΠ  can be 

expressed as 

− λ
α + β + γ

+ 1 − λ
α + γ ∑

j=0

∞ 1 − λjΩj
2 .

 

The efficiency criterion is given by 

EΠ = −λ ∫
Θ t,Y t

∑
j=0

∞ 1 − λj ∫
x t−j

ux t−j,Θ t−j−1 ,Yt 
2
dFx t−j ∣ Θ t,Yt  dFΘ t, Yt 

+ ∫
Θt,Y t

ηΘ t,Yt hΘ t, Yt dFΘ t,Yt 

 

First, we compute ( )
tjtjt Yxu ,, 1−−− Θ , considering that the equilibrium price 

level is given by (2.7) and a firm z  that last updated its information set at period 

jt −  computes expectations using (2.5), we have that 

DBD
PUC-Rio - Certificação Digital Nº 0610523/CA



Informational Frictions and Inflation Dynamics  97 

 

p tx t−j,Θ t−j−1 ,Yt 

= E 1 − rθ t + r∑
m=0

∞
cmθ t−m + r∑

m=0

∞
dm yt−m ∣ ℑt−jz

= 1 − rEθ t ∣ ℑt−jz + r∑
m=0

j
cm Eθ t−m ∣ ℑt−jz

+ r∑
m=j+1

∞
cm Eθ t−m ∣ ℑt−jz + r∑

m=0

∞
dm yt−m

= 1 − r 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=0

j−1
yt−i

+ r∑
m=0

j
cm 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑

i=m

j−1
yt−i

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm yt−m

= 1 − r 1 − δx t−jz + δθ t−j−1 + δκyt−j + κ∑
i=0

j−1
yt−i

+ r1 − δx t−jz + δθ t−j−1 + δκyt−j  ∑
m=0

j
cm + rκ∑

i=0

j−1
yt−i ∑

m=0

i
cm

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm yt−m

= 1 − r + rC j 1 − δx t−jz + δθ t−j−1 + δκyt−j

+ κ∑
k=0

j−1 1 − r + rCk yt−k

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm yt−m

 

As a result, 

ux t−j,Θ t−j−1 ,Yt  = p tx t−j,Θ t−j−1 ,Yt  − 1 − rθ t + rP t 

= 1 − r + rC j 1 − δx t−jz + δθ t−j−1 + δκyt−j

+ κ∑
k=0

j−1 1 − r + rCk yt−k − 1 − rθ t − r∑
m=0

j
cmθ t−m .

 

Note that jjrCr Ω=+−1 and 

− 1 − rθ t − r∑
m=0

j
cmθ t−m

= −1 − r + rc0 θ t − r∑
m=1

j
cmθ t−m

= −Ω0θ t −∑m=1

j Ωm − Ωm−1 θ t−m

= −∑
m=0

j−1
Ωm θ t−m − θ t−m−1  − Ωjθ t−j

= −∑
m=0

j−1
Ωmt−m − Ωjθ t−j−1 + t−j 

= −∑
m=0

j
Ωmt−m − Ωjθ t−j−1

 

where 

Ωj =
1 − r

1 − r 1 − ρ1 − λj
.

 

These observations allows us to write ( )
tjtjt Yxu ,, 1−−− Θ  as a function of 

independent shocks 
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ux t−j,Θ t−j−1 ,Yt  = Ωj1 − δθ t−j−1 + t−j + ξ t−jz + δθ t−j−1 + δκt−j + ηt−j 

+ κ∑
k=0

j−1
Ωkt−k + ηt−k  −∑m=0

j
Ωm t−m − Ωjθ t−j−1

= Ωj−δ1 − κt−j + 1 − δξ t−jz + δκηt−j

− 1 − κ∑
k=0

j−1
Ωkt−k + κ∑

k=0

j−1
Ωkηt−k

 

As ,and, 








+
=

++

+
=

γα

γ
κ

γβα

γα
δ  

we have that 

ux t−j,Θ t−j−1 ,Yt =
Ωj

α + β + γ
−αt−j + βξ t−jz + γηt−j

= ∑
k=0

j−1 Ωk

α + γ
−αt−k + γηt−k 

 

We use this expression to obtain the efficience criterion EΠ  as 

− λ ∫
Θ t,Yt

∑
j=0

∞ 1 − λj ∫
x t−j

ux t−j,Θ t−j−1 ,Yt 
2
dFx t−j ∣ Θ t,Yt  dFΘ t,Yt 

= −λ∑
j=0

∞ 1 − λj

Ωj
2

α+β+γ2
α2α−1 + β2β−1 + γ2γ−1 

+∑
k=0

j−1 Ωk
2

α+γ2
α2α−1 + γ2γ−1 

= −λ∑
j=0

∞ 1 − λj
Ωj

2

α + β + γ
+∑

k=0

j−1 Ωk
2

α + γ

= −λ∑
j=0

∞ 1 − λj 1
α + β + γ

Ωj
2 + 1

α + γ − λ∑
k=0

∞
Ωk

2 ∑
j=k

∞ 1 − λj

= −λ∑
j=0

∞ 1 − λj 1
α + β + γ

Ωj
2 + −λ 1

α + γ ∑
k=0

∞
Ωk

2 ∑
j=k

∞ 1 − λj

= − λ
α + β + γ

∑
j=0

∞ 1 − λjΩj
2 − 1

α + γ ∑
k=0

∞ 1 − λk+1Ωk
2

= − λ
α + β + γ

+ 1 − λ
α + γ ∑

j=0

∞ 1 − λjΩj
2

 

5.3. 
Appendix of Chapter 3 

5.3.1. 
Expectation 

In this appendix, we derive equation (3.10). In order to compute 

( )[ ]zE jtmt −− ℑ|θ  when jm < , we need to obtain [ ]itit wuE −− |  and 
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( )[ ]ztwuE jtjtjt −−− ,| . First, we are going to obtain the distribution of itit ue −− | . 

From the Bayes theorem, we know that 

fet−i ∣ ut−i  =
fet−i,u t−i

fu t−i 
=

fut−i ∣ et−i fet−i 

∫ fet−i,u t−idet−i

.

 

But, using (3.8), we have that 

fet−i, ut−i 

= fut−i ∣ et−i fet−i 

= k 1 exp − 1
2

u t−i +
σφ

1+σφ
et−i

2

1 + σφ2α
−1

+
et−i

2

ω−1

= k 1 exp − 1
2

1 + σφ2α u t−i
2 + ψ et−i

2 + 2
1 + σφασφ

ψ et−iut−i

= k 1k 2
ψ
2π

exp − 1
2

et−i +
1+σφασφ

ψ u t−i

2

ψ−1

 

where 

k 1 =
1 + σφ2α ω

2π

k 2 = 2π
ψ 1 + σφ2α − 1 + σφασφ2

ψ u t−i
2

ψ = ασφ2 + ω
 

Therefore, 

fet−i ∣ u t−i  =
fet−i,u t−i

∫ fet−i,u t−i det−i

= N − 1 + σφασφ
ψ u t−i,ψ−1

 

With this result, it is easy to see that 

fw t−i ∣ ut−i  = u t−i + fet−i ∣ ut−i  = N
ω − ασφ

ψ ut−i,ψ−1

 

We use this result to compute Eu t−i ∣ w t−i  . Since 

fw t−i, ut−i  = fw t−i ∣ ut−ifut−i 

= k exp − 1
2

ψw t−i
2 − 2ω − ασφw t−iut−i +

ω − ασφ2

ψ + ϕ u t−i
2

 

DBD
PUC-Rio - Certificação Digital Nº 0610523/CA



Informational Frictions and Inflation Dynamics  100 

 

= k exp − 1
2

ψw t−i
2 − 2ω − ασφw t−iut−i +

ω2 + ασφ2 + αω 1 + σφ2

ψ u t−i
2

= k exp − 1
2

ψw t−i
2 + α + ω ut−i

2 − 2
ω − ασφ
α + ω w t−iut−i

= k exp − 1
2

ψw t−i
2 − ω − ασφ2

α + ω w t−i
2 exp − 1

2

u t−i −
ω−ασφ
α+ω w t−i

2

α + ω−1
,

 

using Bayes theorem we obtain 

fu t−i ∣ w t−i =
fw t−i, ut−i 

∫ fw t−i, ut−i du t−i

= N
ω − ασφ
α + ω w t−i, α + ω−1 .

 

This means that 

Eu t−i ∣ w t−i  =
ω − ασφ
α + ω w t−i.

 

Alternatively, we can obtain this result from 

Eu t−i ∣ w t−i  =
covu t−i,w t−i 

varw t−i
w t−i

 

since 

covu t−i,w t−i  = covu t−i,u t−i + et−i 

= 1
1 + σφ

2

covt−i − σφet−i,t−i + et−i

= 1
1 + σφ

2

vart−i  − σφvaret−i

= 1
1 + σφ

2

α−1 − σφω−1  =
ω − σφα

αω1 + σφ2

 

and 

varw t−i  = varu t−i + et−i 

= 1
1 + σφ

2

vart−i + et−i 

= α−1 + ω−1

1 + σφ2
= α + ω

αω1 + σφ2
.

 

Nevertheless, computing ( )
jtjt uwf −− |  is useful to assess 

( )[ ]ztwuE jtjtjt −−− ,| . As before, we use Bayes Theorem to compute 

( )
jtjtjt twuf −−− ,| . That is, 
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fu t−j ∣ w t−j, t t−j  =
fu t−j,w t−j, t t−j 

fw t−j, t t−j 
=

ft t−j,w t−j ∣ u t−j fu t−j 

∫ fu t−j,w t−j, t t−jdut−j

.

 

Since 

t t−jz ≡ x t−j − θ t−j−1 = u t−j + ξ t−jw,

w t−j ≡ φ−1 it = u t−j + et−j,
 

and jte −  is independent of ( )zjt−ξ , we have 

fu t−j ∣ w t−j, t t−j  =
ft t−j ∣ u t−jfw t−j ∣ ut−j fu t−j 

∫ ft t−j ∣ u t−j fw t−j ∣ u t−j fu t−jdut−j

.

 

As ft t−j ∣ ut−j  = Nut−j,β−1  , fw t−j  = Nu t−j,ω−1  , and fu t−j  = N0,ϕ−1  , 

we have that 

ft t−j ∣ u t−j fw t−j ∣ u t−j fu t−j 

=
βψϕ

2π3

1/2

exp − 1
2

t t−j − ut−j 
2

β−1
+

w t−j −
ω−ασφ

ψ u t−j

2

ψ−1
+

u t−j
2

ϕ−1

=
βωϕ

2π3

1/2

exp − 1
2

βt t−j
2 − 2βut−jt t−j + βu t−j

2

× exp − 1
2

ψw t−j
2 − 2ω − ασφut−jw t−j +

ω − ασφ2

ψ u t−j
2 + ϕut−j

2

=
βωϕ

2π3

1/2

exp − 1
2

βt t−j
2 + ψw t−j

2 + β +
ω − ασφ2

ψ + ϕ u t−j
2

× exp − 1
2
−2βt t−j + ω − ασφw t−j u t−j

=
βωϕ

2π3

1/2

exp − 1
2

βt t−j
2 + ψw t−j

2 −
βt t−j + ω − ασφw t−j 

2

β + ω + α

× exp − 1
2

ut−j −
βt t−j+ω−ασφwt−j

β+ω+α

β + ω + α−1

2

 

where the last equality holds because 

ϕ ≡ αω1 + σφ2

ω + σφ2α
.

 

From this expression we finally obtain 
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fut−j ∣ w t−j, t t−j  = N
βt t−j + ω − ασφw t−j

β + ω + α
, β + ω + α−1 ,

 

and consequently, 

Eut−j ∣ w t−j, t t−jz =
βt t−jz + ω − ασφw t−j

β + ω + α
.

 

5.3.2. 
Ex-ante total profit 

In this appendix we derive (3.21). First we are going to compute the 

equilibrium price of each firm z , ptz .Substituting (3.1) in (3.5) and using the 

fact that in equilibrium the price index is guiven by (3.13), we get 

ptz = p tx t−j,Θ t−j−1 , It 

= E1 − rθ t + rP t ∣ ℑt−jz

= 1 − rEθ t ∣ ℑ t−jz + r∑
m=0

∞
cm Eθ t−m ∣ ℑ t−jz + r∑

m=0

∞
dm it−m

= 1 − r 1 − δx t−jz + δθ t−j−1 + δκit−j + κ∑
k=0

j−1
it−k

+ r∑
m=0

j
cm 1 − δx t−jz + δθ t−j−1 + δκit−j + κ∑

k=m

j−1
it−k

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm it−m

= 1 − r 1 − δx t−jz + δθ t−j−1 + δκit−j + κ∑
k=0

j−1
it−k

+ r1 − δx t−jz + rδθ t−j−1 + rδκit−j C j + rκ∑
k=0

j−1
Ckit−k

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm it−m

= 1 − r + rC j 1 − δx t−jz + δθ t−j−1 + δκit−j + κ∑
k=0

j−1 1 − r + rCk it−k

+ r∑
m=j+1

∞
cmθ t−m + r∑

m=0

∞
dm it−m

 

where 

C j ≡ ∑
m=0

j
cm .

 

This expression shows that the price set by each firm z  is a function of the 

signals present on the information set ( )zjt−ℑ , i.e. ( ) ( )( ).,, 1 tjtjttt Izxpzp −−− Θ=  As 

a result, 

p tz − 1 − rθ t + rP t 

= 1 − r + rC j 1 − δx t−jz + δθ t−j−1 + δκit−j

+ κ∑
k=0

j−1 1 − r + rCk it−k − 1 − rθ t − r∑
m=0

j
cmθ t−m .
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is a function of ( ttjt Ix ,, Θ− ). To simplify this expression, it is important to obtain 

Ck  and compute ( ) mtm
j
mt crr −=∑−−− θθ 01 . We calculate kC  as 

 

C j ≡ ∑
m=0

j
cm = c0 +∑

m=1

j
cm

=
1 − r1 − ρ
1 − r1 − ρ

+ 1 − r
r

1

1 − r 1 − ρ1 − λj
− 1

1 − r1 − ρ

= 1 − r
r

1

1 − r + rρ1 − λj
− 1 .   #   

 

(4.6) 

Although this derivation assumes 0>j , it also holds for 0=j . Furthermore, 

− 1 − rθ t − r∑
m=0

j
cmθ t−m

= −1 − r + rc0 θ t − r∑
m=1

j
cmθ t−m

= −Ω0θ t −∑m=1

j Ωm − Ωm−1 θ t−m

= −∑
m=0

j−1
Ωm θ t−m − θ t−m−1  − Ωjθ t−j

= −∑
m=0

j−1
Ωm u t−m − Ωjθ t−j−1 + ut−j 

= −∑
m=0

j
Ωm u t−m − Ωjθ t−j−1

 

where 

Ωjρ = 1 − r

1 − r 1 − ρ1 − λj
.

 

Thus,  

ptz − 1 − rθ t + rP t 

= 1 − r + rC j 1 − δx t−jz + δθ t−j−1 + δκit−j

+ κ∑
k=0

j−1 1 − r + rCk it−k −∑m=0

j
Ωm ut−m − Ωjθ t−j−1

= Ωj1 − δx t−jz + δθ t−j−1 + δκit−j + κ∑
k=0

j−1
Ωkit−k −∑m=0

j
Ωm ut−m − Ωjθ t−j−1

= Ωj1 − δθ t−j−1 + ut−j + ξ t−jz + δθ t−j−1 + δκφut−j + φet−j  +

κ∑
k=0

j−1
Ωkφu t−k + φet−k  −∑m=0

j
Ωm ut−m − Ωjθ t−j−1

= Ωj1 − δut−j + ξ t−jz + φδκut−j + et−j 

+ φκ∑
k=0

j−1
Ωkut−k + et−k  −∑m=0

j
Ωm ut−m
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= Ωj
1

1 + σφ
1 − δt−j − σφet−j  + 1 − δξ t−jz + 1

1 + σφ
φδκt−j + et−j 

+ φκ 1
1 + σφ

∑
k=0

j−1
Ωkt−k + et−k  − 1

1 + σφ
∑

m=0

j
Ωm t−m − σφet−m 

= Ωj
φκ − 1

1 + σφ
δt−j + 1 − δξ t−jz +

φσ + κ
1 + σφ

δet−j

+
φκ − 1

1 + σφ
∑

k=0

j−1
Ωkt−k +

φσ + κ
1 + σφ

∑
k=0

j−1
Ωket−k

 

Using this expression we write the criterion EΠ  as a function of the 

parameters (κ,δ ). That is, 

EΠκ,δ = −λ∑
j=0

∞
1 − λjΩj

2 φκ − 1

1 + σφ

2

δ2α−1 + 1 − δ2β−1 +
φσ + κ
1 + σφ

2

δ2ω−1

− λ∑
j=0

∞
1 − λ j φκ − 1

1 + σφ

2

∑
k=0

j−1
Ωk

2α−1 +
φσ + κ
1 + σφ

2

ω−1 ∑
k=0

j−1

Ωk
2

= −
φκ − 12

α +
φ2σ + κ2

ω
λδ2 + 1 − λ

1 + σφ2
+
λ1 − δ2

β
∑
j=0

∞
1 − λ jΩj

2

 

From this expression, we compute EΠ κ̂, δ̂  and EΠ κ̃, δ̃  using 

respectively (3.11) and (3.16). We obtain 

EΠ κ̂, δ̂ = − λ
β + ω + α

+
1 − λ
α + ω

∑
j=0

∞
1 − λjΩ̂j

2

 

and 

EΠ κ̃, δ̃ = − λ
α + β

+
1 − λ

α ∑
j=0

∞ 1 − λjΩ̃j
2 .

 

where ( )ρ̂ˆ
jj Ω=Ω  and ( )ρ~

~
jj Ω=Ω . 

5.3.3. 
Cross-sectional dispersion 

In this appendix, we derive (3.22) to show that the cross-sectional 

dispersion can be writen as function of EΠ . due to 
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EV

= −λ ∫
Θt,I t

∑
j=0

∞ 1 − λ j ∫
x t−j

p tz − P t 2 dFx t−j ∣ Θ t, It  dFΘ t, It

= −λ ∫
Θt,I t

∑
j=0

∞ 1 − λ j ∫
x t−j

p tz − p t
∗  + p t

∗ − P t 2 dFx t−j ∣ Θ t, It  dFΘ t, It 

= −λ ∫
Θt,I t

∑
j=0

∞ 1 − λ j ∫
x t−j

p tz − p t
∗ 2dFx t−j ∣ Θ t, It  dFΘ t, It 

− ∫
Θt,I t

2p t
∗ − P t  λ∑

j=0

∞ 1 − λj ∫
x t−j

p tzdFx t−j ∣ Θ t, It  − p t
∗ dFΘt, It 

− ∫
Θt,I t

p t
∗ − P t 2 dFΘ t, It 

= EΠ − 2 ∫
Θt,I t

p t
∗ − P t P t − p t

∗ dFΘ t, It  − ∫
Θt,I t

p t
∗ − P t 2 dFΘ t, It 

= EΠ + 2E p t
∗ − P t2 − E p t

∗ − P t 2

= EΠ + E p t
∗ − P t2

= EΠ + 1 − r2E θ t − P t 2

 

Considering the equilibrium expression for P t , equation (3.13),and the 

fact that, according to (4.6), 1lim 0 === ∑∞
=

∞→
∞ mmj

j
cCC , we have 

θ t − P t = θ t −∑m=0

∞
cmθ t−m −∑

m=0

∞
dm yt−m

= ∑
m=0

∞
cmθ t −∑m=0

∞
cmθ t−m −∑

m=0

∞
dm yt−m

= ∑
m=0

∞
cm θ t − θ t−m  −∑

m=0

∞
dm yt−m

= ∑
m=0

∞
cm ∑

k=0

j−1
ut−k − φ∑

m=0

∞
dm ut−m + et−m 

= ∑
k=0

∞
ut−k ∑

m=k+1

∞
cm − φ∑

m=0

∞
dm u t−m + et−m 

= 1
κ ∑

k=0

∞
dku t−k − φ∑

m=0

∞
dm u t−m + et−m .

 

The last equality holds because cm  is given by (3.14) for m > 0 . Using 

the expression for ut−k , equation (3.8),we obtain θ t − P t  as a function of 

independent shocks. 

θ t − P t =
1

1 + σφ
1 − κφ

κ ∑
k=0

∞
dkt−m − φσ + κ

κ ∑
k=0

∞
dket−m

 

Therefore, denoting ( ) ( ) ( )[ ]22

1 1, tt PErEV −−≡ θδκ , we have 
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EV1κ,δ

=
ρ

1 + σφ

2 1 − κφ2

α +
φσ + κ2

ω ∑
k=0

∞ 1 − λ2jΩk
2

 

where kΩ  is defined as in (3.20). Therefore, using the expressions for ( κ̂, δ̂ ) and 

( κ̃, δ̃ ), we get 

EV1 κ̂, δ̂ =
ρ

α + ω
2
∑

k=0

∞ 1 − λ2jΩ̂k
2

EV1 κ̃, δ̃ =
ρ
α

2
∑

k=0

∞ 1 − λ2jΩ̃k
2

 

This expression shows that EV1  is in fact a function of ω . 
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