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3
Strong homoclinic intersections: the (C,C) case

Our goal in this chapter is prove the following result:

Proposition 3.1. Let [ be a diffeomorphism having a co-index two (C,C)-
cycle associated with a pair of saddles P and ). Then there is a diffeomor-
phism g arbitrarily C'-close to f having a saddle A with strong homoclinic
intersection with bidimensional central direction: W*5(A; g) N W™ (A; g) # 0.

Moreover,

W (A;9) " W*(Qg; 9) # 0,
W (A;g) "W (Qg;9) #0  and
W (A; ) N W (Py; g) # 0

where Qg and P, are the continuations of the saddles Q) and P, respectively,

forg.

=

Figure 3.1: Strong homoclinic intersection A and the point @,

This result is obtained by using the model and quotient families (Defini-
tions 3.2 and 3.4) in this chapter.
Note first that by Proposition 2.2 we can assume (and we do) that the

cycle associated to f is a (C, C)-simple cycle. We prove that there is a sequence
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of diffeomorphisms f;, — f such that, for every k > 0, each f; has a periodic
point Ay such that

e the orbit of A, has a partially hyperbolic splitting £°* @ F°@ E**, where
E*% is (uniformly) contracting, E"* is (uniformly) expanding, and E° is

a bidimensional bundle;

e the modulus of the central eigenvalues of D f] (Ak)(Ak) (corresponding to
the bundle E°) is one;

o W (Ag; fr) N W*5(Ay; fx) is non-trivial (that is, it contains points that
do not belong to the orbit of Ay).

To prove the proposition we study the central dynamics associated to
the unfolding family (f;); of the diffeomorphism fy = f in a neighborhood of
this simple cycle. This dynamics depends essentially on the central eigenvalues
of the cycle. This family keeps invariant the foliation generated by the sum
of the strong stable and strong unstable bundles of the dominated splitting.
Considering the quotient of the family by this foliation, we will obtain a
bidimensional family (Definition 3.4). Some properties of the global dynamics
of this family (as the existence of a strong homoclinic intersection) can be
written in terms of this bidimensional dynamics. In the next sections we explain
that in detail.

3.1
Model families

We will study the family of bidimensional iterated function systems
associated to the central dynamics of a simple cycle f. We see how properties
of this system can be translated to properties of the family of diffeomorphisms.

We now define model families. Consider a diffeomorphism f with a
simple cycle unfolded in a simple way by the family (f;):, fo = f. In what
follows we use the notation and terminology in Definition 2.1. Consider the
heteroclinic points of the cycle Xq = (0%, z5,0") and Yp = (0%,0%yp) and

their neighborhoods Ux,, and Uy, (in local coordinates)

Ux, = [-1,1° x Bs(z() x [-1,1]" and Uy, = [-1,1]° x Bs(0%) x Bj(yp),

Q
where Bs(xf)), Bs(0?), and By (yp) are é-neighborhoods of z), 0%, and yjp.

Definition 3.2 (Model unfolding families). Consider a family of diffeomor-
phisms (f;)ic—e,q2 unfolding a simple cycle in a simple way at t = (0,0).
Suppose that this cycle is associated with the saddles P and @Q with

linear parts A and B, heteroclinic points X¢g and Yp, and transition maps
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Tpq and Top. The model unfolding family (F})icj—c.2 associated to the family
(ft)ie[-e,q2 is defined as follows:

TQP(I‘) Zf xr € UXQ,
A(z) if x € Up\Uy,,
Tprt(m) Zf xr € qu;
B(x) if xe UQ\UXQ,

FtZUQUUP%M, Ft(.l"):

where Ux, CUq and Uy, C Up are neighborhoods of Xq and Yp, respectively.

Note that if f is a diffeomorphism with a co-index two simple cycle, then
there is a model map Fy such that f and Fy have the same dynamics in the
neighborhood of the cycle. More precisely, using local coordinates, consider
P = (0%,0%,0%) € Up and Q = (0%,0%,0*) € Ug. Note that these points are
periodic points of the model map Fj of s-indices (dimension of their stable
bundles) s + 2 and s, respectively. Moreover P and () are associated with Fj
by a co-index two heterodimensional cycle. Then we have that the following

result is a reformulation of Proposition 3.1 in terms of model unfolding families.

Proposition 3.3. Consider a diffeomorphism f with a co-index two (C,C)-
cycle associated with the saddles P and ). Then there is a diffeomorphism f
arbitrarily C'-close to f with a simple cycle associated with P and @ whose
associated model map F has a periodic point A of arbitrarily large period
m =m(A) such that

i) there is a constant C' > 0 such that the central eigenvalues of DF'} satisfy
)‘8+17 >\s+2 € {0717 C];

ii) the intersection W**(A; F) N W**(A; F) is non-trivial,
i) W (A F) N W*(Q; F) # 0 and W™ (A; F) n\W*(Q: F) £,
iv) WY (A; FYNW*(P; F) # 0.

Observing that the periodic point A is a periodic point of f satisfying
the same intersection properties we obtain Proposition 3.1.

The proof of Proposition 3.3 is reduced to the study of a bidimensional
(central) family associated to the model family (F});. We give precise definitions

in next section.
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3.2
Bidimensional quotient families

By construction, the model family keeps invariant the foliation generated
by the sum of the strong stable and strong unstable bundles of the dominated
splitting. Considering the quotient of the model family by these foliations, we
obtain a bidimensional family as follows.

Write 7¢ = (21, 22), 2§ = (Tq,, Tg,); Tp = (Tp,, Tp,), and t = (t1,12). Let
fqp be the restriction of Tp to the central direction. The possibilities for the
map Oop: Bs(zf) — Bs(rh) are the following:

0 (1‘1,1‘2) + (xpwxpz)
QP
(xlﬂ IQ) + (‘rqv ‘rqz) — <_x1) _552) + ($P1>xp2)

(1’1, _x2> + ($p1>xp2)'

Similarly for the restriction of Tp , to the central direction we have the map
Opg.: R? — R? is defined by

($1, fL‘Q) + (t1, tg)
(—.’L’l, —{EQ) + (t17t2)
(21, —22) + (t1, t2).

0pQ.t

(x1,29) —>

We use the notation 06 p and QQQ,“ where 7, 7 = +, —, &£, for the different cases
above, respectively.

The relevant part of the quotient of the model family are the linear maps
C, and Cp and also the maps (%P and GiQyt, which give the definition of

quotient family below:

Definition 3.4 (Quotient families). For each m,¢{ € N we consider the

composition
Qaﬁ,i,jd_efcf Y o™ o b .Ba,ﬁ,i,j c B (26 3.1
met — CpPUpgrCLla OUgp By (QCQ) — 5<xQ>v (3.1)

fori,j =+, - j: and where Bgf;;y (zg) is the mazimal subset of Bs(xf)) where
the map Qsﬁ,;] is defined.

To each model unfolding family (Fy)ic[—cq2 we associate its quotient

a,B,,j

D), where m, 0 € N, t € [—¢,€)?, and o, 8,14, ] are chosen

family of maps (Q
according to the form of the central part of the model map Fy.

When the central part is fixed (i.e., the values «, 5 and i, j are fixed) we
omit them and simply write Q,, s, or Q:Yn’i’t, according to the case.
Next proposition claims that given an initial quotient family there are

numbers @, B arbitrarily close to the initial central eigenvalues «, 8 of the cycle,
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Opo.t

Figure 3.2: Quotient map

large natural numbers m, £, 7, ¢, and k, and small |¢| such that the quotient
maps Qm“ and Q ’ﬁ have the same fixed point z¢, and Qk Ot(xQ) = 02. More

precisely:

Proposition 3.5. Given a quotient family (Q%i’tj) and numbers pig, €g > 0,

and Ny € N, there are natural numbers k., 0,0, m,m > Ny, with (m, ) # (i, {),

and numbers &, B,t with

|Oé—OAé| <,u'07 ‘B_B| <,U'07 ’t| <607
such that

I A @80 @i
i) xg is a common fized point of Q) and Q it

ii) let Ay and Ay be the eigenvalues of the derivative of Qmiij at xg. Then
A1, A2 € (0,2].

iii) Qk’gw( G) =02

Proof. Without lost of generality, we can assume that in the local coordinates
2% = (1,0) and z§ = (1,0). Recall that a = pe*™*? and = ge®™'¥, where
O<p<l<pand ¢,p€l0,1).

We need to consider the different cases according to the choices of
(i,j) € {+,—,%}% Consider first the case (+,+) (the other cases follows
similarly). For ¢t = (¢1,t2) the bidimensional quotient map Q%if*(m,y) is of

the form:

, [cosl2mp —sind2myp m [cosm2ng —sinm22ng) (x n t
¢ sinf 2wy cosl2mp P sinm2mw¢  cosm 2w Y t) |
We choose k > 0 (we will explain this choice later) and consider

t = (ty,1s) = (—p" cosk2mp, —p" sink 27¢).
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1 1
Qa7ﬁ>:"'7+ — .
m,l,t 0 0

Using trigonometric formulae and considering xg, = (1,0) and f above this

We want to prove that

equality can be read as follows

m ¢ [ cos({2mp +m27m) ¢ x [cos(2mp+m2np)\ (1
re sin(¢2mp + m2m¢) er sin(2mp+m2r¢) ) \0)°
Which is equivalent to the following system:

{ P ot cos(02mp +m2mg) — pFol cos((2mp + k2mp) = 1 (3.2)

pmot sin(02mp +m2nd) — pFolsin(02mp + k2m¢) = 0.

Multiplying second equation by ¢ and adding first equation we get

pmgé ei (L2mp+m2mp) kaZ ez’ (2mptk2ng) 1

Ql 6M27r<,0 (pm eim27r¢) o pk 6ik27r¢) -1
(pe“’“j’)m . (peiZmb)k _ (9—1 e—i2w)f' (3.3)

Therefore we need to find a pair of natural numbers m and ¢ satisfying the

previous equality.
Fact 3.6. There are r,s € RT such that o = 575.

Using that the rational numbers are dense in the real line, we get the

following corollary:

Pr

Corollary 3.7. There are rational numbers ; and Z—: close to r and s,

respectively, and & and B close to a and S with
T

def

Let N = ¢, - ¢s, then by the corollary above we get

(aw)" = (57%)"

dpr'QS — B*ps"]r.

We now choose large k > 0 such that ()P (p)¥ < 1, and a* is close to zero

for every & close to &. Take &,B close to &, 8 such that

(@)pr'QS _ (@)k _ (B)fpyqr.
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Therefore Equation (3.3) holds for m = p, - ¢s, £ = ps - q,, and
= (—p" cosk2m, —pF sin k 27¢). (3.4)

Indeed we need to obtain Equation (3.3) for two different pair of itinerar-
ies. This follows using an analogous argument. By Fact 3.6 there are four real
positive numbers (actually infinitely many) r, s, 7 and § with (r, s) # (7, §) such
that hold o = 8~° and o = B~°. Thus by Corollary 3.7 there are rational
numbers pr, Z s zT and ”S close to r, s, 7 and §, respectively, and & and /3 close
to a and [, respectlvely, such that

@% = (3% and  (@)F = (B)F.

Now consider M = ¢, - g5 - ¢ - g, and following analogously as above, we get
that 2§, = (1,0) is a common fixed point of Q%i?’Jr and Q:li:dr, for natural

numbers

m:pr'QS'qAr'qua szs'Qr‘@r'@m

mZﬁr’Qr'Qs’ésv EZﬁs'Qr’QS'erv

& and @ close to & and f3, respectively.

Note that by the choice of ¢ in (3.4), we also have that Qk’B AN +(ch) =02

&,B,+,+

It remains to prove that the eigenvalues of Q"

are uniformly

bounded independently of m,¢,t, &, and . First note that the derivative of

anﬁej+ at zg = (1,0) is given by

o' pm cos(02mp +m 277@5) —otpmsin(027p +m 27r<Z;)
ol sin(02mp + m2mp) '™ cos(02mp +m2ng) |

Therefore the eigenvalues are

A = ' [cos(£2mp 4+ m 21d) + sin(£ 2mp + m 21¢)]  and
Xy = ' p™[cos(€ 2mp + m 2m) — sin(£ 27 @ + m 27)].

Using system (A), we have that these eigenvalues are

A =1 — §'pF[cos(£2mp) 4 sin(£ 27p)]  and
Ay =1 — §*pF[cos(£2np) — sin(£ 27()].
Note that Cos(ﬁ 21p) £sin(027p) € [—2,2]. Since we chose k sufficiently large

such that ¢‘p* < 1, by continuity, it holds that ¢°p* < 1, and therefore we have
that 0‘pF[cos(£2mp) £ sin(£27p)] € (—1,1]. Thus A\j, A» € (0,2]. The proof of
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this first case is now complete.

The other cases follow analogously and the proof will be omitted. Ol

3.3
Proof of Proposition 3.3

The next result is a technical reformulation of Proposition 3.3. It allows
us to translate dynamical properties of the quotient family to the model map.
Indeed, this result is a version of [5, Proposition 3.8] for bidimensional central
direction, by completeness we include the proof here.

Note that to each model map F; of the diffeomorphism f there is

a,B,3,]
m,l,t2

of numbers «, 8 and (i, j) € {+, —, = }*. As the role of a, 3,4, j is not important

associated a family of quotient dynamics (Q )me for an appropriate choice

in this part, we omit these superscripts and just denote these maps by Q,, .

Proposition 3.8. Let F, = F be a model map associated to a family of
diffeomorphisms unfolding a co-index two (C,C)-cycle (associated to saddles
P and Q). Then there is N > 0 with the following property.

Consider m,¢ > N and a fized point a® of Qu, e, with a® € Bfnﬂéij(xé) C
Bs(xg) as in Proposition 3.5. Then the following holds:

i) There is a periodic point A = (a°,a% a") € Ux, of the model map F
of period m + 2 4+ € such that the modulus of the central eigenvalues of
DF7T 2 are |a|™| B¢

it) Suppose that there are m, 0 > N, with (m, 0) # (m,é), such that a® is
also a fived point of Qg ;. Then W™ (A; F) N W**(A; F) # 0.

iti) Suppose that there is k > 0 such that Q+(a) = 0%. Then W (A; F)N
WH(@Q; F) # 0.

Observe that Proposition 3.5 and 3.8 imply Proposition 3.3. Indeed, let

f be a diffeomorphism having a co-index two cycle satisfying conditions of

Proposition 3.3. By Proposition 3.5, there are sequences t, — 0%, ap. — «,
By — B, my, U, My, and Zk, with (mk,ﬁk) 7& (mk,gk), such that Qak’ﬁk’i’j and

- MLkt
esB5tJ
M Lk th

each model map Fy has a periodic point Ay satisfying conditions (i) and (ii)

have a common fixed point. Then by Proposition 3.8, for every k,

of proposition above. For each k, let fi be a diffeomorphism with a simple
cycle associated to the model map Fy, in this way we get the diffeomorphism

arbitrarily close to f, proving Proposition 3.3.

Proof of Proposition 3.8. Consider the following norm of a linear map A

|[Av|

[l

9

| A = sup
v#£0
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and note that since A%, (A*)~1, B and (B*)~! are linear contractions there is
N € N such that for all m,¢ > N it holds

FA)™ l<d, A ll<o, [1(B) l<d, and || (BY)"[<d.

Fix some m, ¢ > N such that Q,,, has a fixed point a® € B,, , C Bs(xg).
We say that a subset V' of Uy U Up is a vertical rectangle at a point
X = (a2 ") € V if there is a closed ball K* C [—1, 1]* such that

V=K°x {.%'1,.%‘2} X [—17 1]u

Analogously, a set H is a horizontal rectangle at X = (z°, 2 2*) € H if there
is a closed ball K* C [—1,1]" such that H = [—1,1]® X {z, 22} x K“.

Figure 3.3: Vertical rectangle

We will prove that there are points A = (a®,a%,a*) and A = (&, a’, a"),
for some a®,a® € R* and a*,a* € R*, a horizontal rectangle H at the point A,
and a vertical rectangle V at the point A such that Fr(H) D V forr = m+2+L.
Let D = [—1,1)* x {a°} x [-1,1]* C Ux,,. We will iterate D by F,
F(D) = Tgp(D)
F*(D) = AoTyp(D)

Fm+1(D) = Am [©] TQP(D)

Since in the s-coordinate the map F™*! is a linear contraction and in
the u-coordinate the map F™*! is a linear expansion there is a horizontal
rectangle H,,,; C D that is mapped by F™"! into a vertical rectangle V,,,1,
FmH(HmH) = Vint1.

Recall that Uy, = Yp + ([—1,1]% x [=4,0]¢ x [=6,d]") is a neighborhood
of the heteroclinic point Yr = (0%,0° 4%). Since N is big and m > N, we have
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Vm—|— 1

L/ :

Figure 3.4: H and V41

that
Am-&-l d;f Vm+1 mZ/{YP = YP + (Afn+l X {afnJrl} X [_57 ﬂu)

Note that there is a horizontal rectangle H), ,, contained in H,,;; such that
Frty(H 1) C A

Consider now the set Ayys = F(Any1) = Tpo(Amii1). Note that the set
A, 42 contains a set of the form A? ., x {b°} x [—9,0]*, where A? ., is a ball
and b is the central coordinate of A,,». Arguing as above, as ¢ is big, we have
that F(A,,10) = B(A,,12) contains a vertical rectangle V,,, o4

Putting together these relations we get a horizontal rectangle H ,, C
H; ., C H, that is mapped by Fm+2+t into a vertical rectangle Vi, 4 p.o.

Note that the central coordinate of the rectangle Vi, 040 is Qpe(a®).
By hypothesis, Q,,,(a®) = a°. Note that a° is also the central coordinate of
H//

ma1- Since the restriction of F™ ™ to H/ , is a linear contraction in the

s-coordinate and a linear expansion in the u-coordinate we get a®, a* such that
A= (a*,a%a") € H! ., N Vyyore and FT2H(A) = A,
To conclude the proof of the first item of the proposition just note that

F2T are the ones of map Q,,y, which have

the central eigenvalues of D
modulus |a|™ |B]¢ (recall Equation (3.1)).

To prove item (ii), suppose that there are m, ¢ > N such that a° is also
a fixed point of Q ;. The previous construction provides a periodic point
A = (@%,a%,a") of F of period m + 2 + £. Note that since (m, ) # (1, () we
have that A and A are different points.

By construction there is a point B = (&, a¢, b") such that F™*2+(B) =
(@°,a% a"). Consider the point B’ = (a®,a® b"). By the expression of F' this
implies that F~("+2+D(B’) = (a*, a°,a*) = B". Noting that B’ € W"(A; F)
and B” € W**(A; F) we have that W"“(A; F) N W"“(A; F) # 0.

It remains to prove item (iii). Consider the following set in local charts
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F‘I;L+2+Z

/.\ A B
~U [ ]
a | |

B ;F—(m+2+€)

B//

at— !

D A

a’ a’®

Figure 3.5: Intersections

around Q:

A= {(a%a®)} x [-1,1]%
Note that A C W (A; F(A)) and FYRH(A) D {(a%, Qro(a))} x [—1,1]4,
for some a@* € [—1,1]*. By hypothesis Qj(a¢) = 0%, then

{(@*,0%)} x [~1,1]* c F'rHL Q).
Note also that [—1,1]* x {(a*,0%)} C W*(Q; F) and
{(@*,0")} x [-1,1]* N [~1,1])* x {(a*,0%)}.

Then we have W5(Q; F) N W*5(A; F) # (). This completes the proof of the

proposition. ]

3.4
(C,C)-cycles with several quasi-transverse heteroclinic points

In this section we prove the following proposition that will be used for
the stabilization of the cycles.

Let f be a diffeomorphism with a co-index two cycle associated with the
saddles P and (), where the s-index of () is smaller than the one of P. In this
case we write @) <, P. We say that a heteroclinic point X of the cycle is of
type PQ if X € WH(P; fYNW*(Q; f). Note that this intersection point cannot
be a transverse one.

Recall that the homoclinic class of a saddle P, denoted by H(P; f), is
the closure of the transverse intersections of the invariant manifolds of P, or

the closure of the set of points R that are homoclinic related to P, that is,

We(P; f) M WH(R; f) # 0 and W*(P; f) h W*(R; f) # 0. (3.5)
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Now we can state the main result of this section:

Proposition 3.9. Let [ be a diffeomorphism having a co-indezx two (C,C)-
cycle associated with the saddles P and Q@ where Q <, P. Then there is a
diffeomorphism g arbitrarily C'-close to f with a co-index two (C,C)-cycle
associated with the saddles P and @ and having (at least) three different
heteroclinic orbits of type P_Q.

This proposition is a consequence of the following two lemmas:

Lemma 3.10. Let f be a diffeomorphism with a co-indezx two (C,C)-cycle
associated with the saddles P and Q) where Q) <, P. Then there is a diffeomor-
phism g arbitrarily C'-close to f with a co-index two (C,C)-cycle associated

with P and Q) such that the homoclinic class of P is non-trivial.

Lemma 3.11. Let f be a diffeomorphism with a co-index two (C,C)-cycle
associated with the saddles P and Q) where Q < P. Assume that the homoclinic
class of P is non-trivial. Then there is a diffeomorphism g arbitrarily C*-close

to f having a co-index two (C,C)-cycle associated with P and Q such that

i) the homoclinic class of P is non-trivial,

i) the cycle has (at least) two different heteroclinic orbits of type PQ.

These two lemmas immediately imply the proposition. To see why this
is so, note that by Lemma 3.10 we can assume that, after an arbitrarily
small perturbation, the saddle P in the cycle has a non-trivial homoclinic
class. Applying now Lemma 3.11 we can assume, after a new arbitrarily small
perturbation, that the saddle P has a non-trivial homoclinic class and the cycle
has two heteroclinic points X; and X5 with different orbits.

It is now enough to observe that we can select one of these two heteroclinic
orbits, say X7, and perform the perturbation of Lemma 3.11 preserving such a
heteroclinic orbit. More precisely, we apply this lemma to the part of the cycle
associated with the heteroclinic orbit X, obtaining a new cycle (associated to
P and Q) with two different heteroclinic orbits Y7 and Y5. As the heteroclinic
orbit X, was preserved this new cycle has at least three heteroclinic orbits of

type P@. This implies the proposition.
We now give the proof of the two lemmas above.

Proof of Lemma 3.10. Let f be a diffeomorphism with a co-index two (C, C)-
cycle associated with the saddles P and ) where @) <, P. Considering the
associated model unfolding family and the bidimentional quotient family, to

prove the lemma it is enough to prove Proposition 3.5, replacing item (iii)
Qini” (wg) = 07 by


DBD
PUC-Rio - Certificação Digital Nº 0721240/CA


PUC-RIo - Certificacdo Digital N° 0721240/CA

Chapter 3. Strong homoclinic intersections: the (C,C) case 45

Qi (0%) = . (3.6)
Let us remark that to prove Equation (3.6) the procedure is analogous to the
proof of Proposition 3.5, see Appendix A.

Using the same argument of item (iii) in Proposition 3.8, we have that
equation above implies that there is a diffeomorphism h arbitrarily close to f

having a strong homoclinic point A satisfying the intersection:
W3 (A; h) N W™ (P; h) # 0.

Thus we have proved the following result (which is an analogous to Proposi-
tion 3.1):

™)

¥

Figure 3.6: Claim 3.12

Claim 3.12. There is a diffeomorphism h arbitrarily close to f having a strong

homoclinic point A satisfying

W?*(A;h) h WH(Q; h) # 0,
W (A;h) N W(P;h) #0  and
WU (A; h) h W*(P;h) # 0
After a small perturbation! in the neighborhood of the point A we have

that the intersections above are transverse. Moreover, these perturbations can

be done preserving the intersections of the cycle, that is,

WQ;h) M W*(P;h) #0 and W?*(Q;h) NW*(P;h) # 0.

! Analogous to the map ¢ in the central coordinate in Section 6.1, that is, a small
contraction in the central coordinate
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Therefore we have that h has a heterodimensional cycle associated with @ and
P and the homoclinic class of P is non-trivial (contains the point A that is

homoclinically related to P). O]

P
T

Figure 3.7: Perturbation

Remark 3.13. Lemma 3.10 also holds for (C,R)-cycle. It is enough to have
a result equivalent to Proposition 3.1 (just replacing item (iii)), and we have

it in Proposition 4.11. See Appendix B.

Proof of Lemma 3.11. Recall the terminology and the notation in the defini-
tion of simple cycles in Definition 2.1. After a small perturbation (Proposi-
tion 2.2), we can assume that f has a (C,C)-simple cycle associated with P
and @ which are unfolded in a simple way by the family (f;); and such that
the homoclinic class H(P; f) is still non-trivial. In the coordinates around @),
assume that there is a homoclinic point A of P of the form (a®,1,0,0%) such
that the u-disk A* = {(a®,1,0)} x [—1, 1]* is contained in W*(P; f;) (this holds
for every f;, small |¢]).

Let Y be the heteroclinic point of the cycle of type PQ. Fix fy = (t0,0)
for small ¢y > 0 and consider the diffeomorphism f;-. In local coordinates

(around Q) the unfolded heteroclinic point Y7 of Y is of the form:
}/1 = (yi7 tO) 07 Ou)

and note that there is a u-disk A* = {(y7,t0,0)} x [~1,1]* contained in
WU(P§ ft?])'
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Figure 3.8: The points Y and Y;

Note that the pre-image by (Tpq.,) ' (Wi (Q; fi;)) contains a disk of

the form (in the local coordinates around P)
A = [-1,1)° x {(£t0,0,97) },

where the symbol + is choosing according to the type of transition Tpq. Let
us assume that + = + (the other cases are analogous).

Recall that ¢ is the number of iterations of f associated to Tpq, see
item (iii) in Definition 2.1. Write the map f; = (ft%, f%, ft%)
Claim 3.14. Consider (in the local coordinates around Q) a u-disk Y* of the

form
T ={(v°a,b)} x [-1,1]".

Suppose that there is some k > 0 such that

(f&)"(a,b) = (to,0).

Then (fta)kH(T“) intersects Wi (Q, fi).

This claim immediately follows observing that (f;)"(T") intersects the
disk A* C fr= (Wi (Q; fi)), where r is the number of iterations of f; associated
to Tgp, see item (iv) in Definition 2.1.

Note that (in the local coordinates around P)
A% = {(a°,41,0)} x [-1,1]* C Top(AY).

As above let us assume that + = +. Since t; is arbitrarily small we can modify
fiz in the central coordinate in such a way that there is some (large) k > 0
with

(f£)"(1,0) = (to,0). (3.7)
By Claim 3.14 this implies that

(fi) A N Wi(@s fip) # 0.
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This provides the first heteroclinic point of type PZQ for fi.
To get the second heteroclinic point we argue as above. As before, as tg
is arbitrarily small we can modify fi in the central coordinate (around @) in

such a way that there is some (large) n > 0 with

(f2)"(t0.0) = (1,0).

This implies that the there is some y3 such that

{(y§7 170) X {_171]u C (fta)n(gu%

where A" is a u-disk of the form {(y3, o, 0)} x [=1, 1]*. As above, there is some
y; with
{(43,1,0) x [=1,1]" C (fz)"*"(A").

Finally, by the choice of k in Equation 3.7 this implies that there is yg with

{5310, 0) x [=1,1]"  (fz)" " (A").

0

As above using Claim 3.14 we get a new heteroclinic intersection of type P_Q.

Ending the proof the of the lemma. Ol
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