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4
The (R,C) case: simple cycles, model families, and strong
homoclinic intersections

In this chapter we consider diffeomorphisms f having heterodimensional
cycles of co-index two associated with saddles P and () which are central
separated and such that the central eigenvalues of ) are real and different in
modulus and the central eigenvalues of P are non-real and conjugated. That
is we consider (R, C)-cycles.

The strategy for (R, C) cycles is similar to the one we followed for (C, C)
cycles. We first construct (R, C)-simple cycles (Proposition 4.2). Thereafter we
define an associated model unfolding family (Definition 4.4) that has the same
dynamics in the neighborhood of the cycle. We study a bidimensional family
(Definition 4.5) that is the quotient of this model family by the sum of the
strong stable and strong unstable bundles. Finally, we translate the properties
of the bidimensional family to the initial diffeomorphism f obtaining strong

homoclinic intersections (Theorem 1.3).

4.1
(R, C)-simple cycles

Let f be a diffeomorphism having a co-index two (C, C)-cycle associated
with saddles P and @) which is central separated, that is, with central eigen-
values Bsi1, Bsi2 of @ real and different in modulus and central eigenvalues
Qsi1, gro Of P non-real. For this sort of cycles we prove a result somewhat
similar to Proposition 2.2: any neighborhood of f (as above) contains diffeo-
morphisms having cycles as the simple ones associated with P and ) which are
unfolded in a simple way. The main difference here is that the transition maps
T5p and Tpp are not isometries. In this case the restriction of these maps to
restricted the central part are diagonal affine maps. We now give the precise
definition and go to the details of this constructions.

Write @ = a1 = pe?™? ¢ € [0,1), p < 1 and note that 1 < |B,4] <
|Bs12|. Consider the linear maps C,, Dg: R? — R? as follows

Comp P20 73 200) g py= (P 0 )
sin 2w¢  cos 2w 0 Bete
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Definition 4.1 ((R,C)-Simple cycle). A diffeomorphism f has a (R, C)-

simple cycle of co-index two associated with P and @ and this cycle is unfolded

in a simple way by the family (f)ici—c.q2, fo = [, if the following conditions

hold:

i)

iii)

There are local charts Up and Uy around P and @
Up, Ug = [-1,1]° x [-1,1]* x [-1,1]",

where er(P) “ A=A and ftﬂ(Q) © B, = B are linear maps of the form

where A%, B*: R® — R?® are contractions, corresponding to the eigenval-
ues (aq,...,a5) and (By,...,0s), and A*, B*: R* — R" are expansions,

corresponding to the eigenvalues (sis,...,aq) and (Bsis, ..., Ba)-

There is a partially hyperbolic splitting E°° & E° @ E"™, defined over the
orbits of P and Q, such that in these local charts they are of the form

E% =R x{0%} x{0“}, E°={0°}xR?x{0“}, E" = {0°}x{0%} xR".

There are a quasi-transverse heteroclinic point Yp € W*(Op) NW*(Oy)
in the neighborhood Up, a natural number £ > 0, and a neighborhood Uy,

of Yp in Up, such that, in these local coordinates:
o Yo = (07,02 yp), where yp € [~1,1]";
o Yo = (45, 02,0%) = fi(Yp) € Uq, where gy € [—1,1]*;
o f{(Uy,) CUg and
f = Tpq,t : Uy, — ff(uyp)
s an affine map of the form

Tpg,(z®, x 2") = (T;Q(:zzs) + Y0 TI‘iQ(:JcC) +t, TﬁQ(x“ — y%)),

where Tpg: R* — R® 4s a linear contraction, Tpy: R* — R" is a

linear expansion and Tp: R? — R? is a linear map of the form

+1 0
, where |My| > 1.
0 M
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iv) There are a transverse heteroclinic point Xg € W*(Og) h W*(Op) in
the neighborhood Ug, a natural number r > 0, and a neighborhood Ux,,
of Xq in Ug such that, in these local coordinates:

o Xo=(0%215,0") = (0°,24,0,0%), where x4, # 0;
o Xp=fl(Xg) €Up and Xp = (0°,2%,0%), where 2% € R?;
° f[(UXQ) C Up and

Z« & TQp’t = TQP : Z/{XQ — f[(UXQ)
1s an affine map of the form
TQP(xsv zt, ‘ru) = (TCSQP(‘rS)ﬂ TCSP(‘TC) - IE} + 25, TgP(mu))ﬂ

where T p: R* — R® is a linear contraction, Tsp: R* — R" is a

linear expansion and TGp: R? — R? is a linear map of the form

+1 0
, where |Ms| > 1.
0 M,

We say that A and B are the linear parts of the cycle, that Xq and Yp are the

heteroclinic points, and Top and Tpg, are the transitions of the cycle.
In this context we have a similar result of Proposition 2.2:

Proposition 4.2. Let f be a diffeomorphism having a (R, C)-cycle associated
with saddles Q) and P.Then any neighborhood of f contains diffeomorphisms
having (R, C)-simple cycles associated with P and @ which are unfolded in a

simple way.

Proof. The proof of this proposition follows arguing as in Proposition 2.2, thus
we will omit some details of this construction and focus on the forms of the
transitions Top and Tpg, which are the main difference. We also use the same
notation as in the proof of Proposition 2.2.

For simplicity let us assume that ) and P are fixed points of f. By a
small perturbation of f we can assume that there are small neighbourhoods of
P and @), say Up and Uy, where f is linear.

The construction starts with the choice of heteroclinic points of the cycle.
After an arbitrarily small perturbation of f, we can assume that there is a
transverse intersection point X € W*(Q) N W#*(P) and a quasi-transverse
intersection point Y € W#(Q)NW*(P). We can also assume that X ¢ W"(Q),
X & W=(P), and f™(X) € WL(Q), for some n; > 0. Analogously,

replacing X by some positive iterate we can assume that f™(X) € W;_(P).
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By domination, we have that f~">7™(X) is much closer to W(Q) than
to W(Q) for a sufficiently big ng, and also f™27™1(X) is much closer to

5 (P) than W2 (P) for a sufficiently big msy. Thus after arbitrarily small
perturbations we can assume that there are backward iterate )_(Q of X that is
in W(Q), and forward iterate Xp of X that is in WS (P). Moreover, since
|Bs+1] < |Bst2|, by domination we can assume that the central coordinate of

the point Xg is of the form
Xqo = (0°,15,0") = (0°,7,,0,0"), with z, #0.

Now take a quasi-transverse heteroclinic point Y € W#(Q) N W*(P) and we
fix backward iterate Yp and forward iterate Yy of it such that Y» € W (P)
and Yo € W, (Q).

We have the following claim whose proof is exactly as Claim 2.3.

Claim 4.3. After an arbitrarily small perturbation of f, we can assume that
there are large ro, £y > 0, negative iterates XQ of Xg and Yp of Yp, and small
netghborhoods UXQ of )~(Q and Uy, of Yp such that the restrictions of ™ to
UXQ and of f* to Uy, are linear maps preserving the splitting E*° & E°® E"".

In the local coordinates in the neighborhoods Uy and Up, write

XQ = (Os,fé,ou) S Z/{Q, Xp = fTO(XQ) = (03,:%}3,0“) € Up,
Yp = (0°,0%9p) €Up,  Yo=fo(Yp)= (75 0°0") € Up.

By the previous claim, in the local coordinates the restriction of f™ to

the neighborhood Uy, is of the form
Fro(at 0t 4 3.a%) = (Tapla®), 5 + Top(a), Tap(a")).

d S . . . ~u . . = c .
where T{p is a linear contraction, T{)p a linear expansion, and T, linear.

Similarly, the restriction of f* to the neighborhood Uy, is of the form
Fo(a et at + gp) = (Tpo(e®) + 55, Tho(a€), Tpg(z")),

where ngQ is a linear contraction, T po a linear expansion, and T]%Q linear.

In Proposition 2.2, we proved that considering some forward and back-
ward iterates of f and some small perturbations, the central parts of these
transitions were the identity or a reflection. Here the construction is somewhat
different.

To get the heteroclinic points in Definition 4.1, we fix k; and ks then

we choose an arbitrarily large number k3 > 0 (we will explain these choices
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later) and let © = (k; + ro + ko) + k3. The heteroclinic point X will be a
backward iterate f*1(Xg) = Xg = (0%, 25,0%) of Xg and Xp = f7(Xp).
Note that the restriction of f" to a small neighborhood of X, is of the form

fr(@®,2¢ + 25, 2%) = (2°,7¢,7"), where

7 = (A0 Typ o (B a7),
7 = 25+ (Ca) 0 (Ca)¥? 0 T o (Cp)M (2°),
7 = (A" 0 Ty o (B ("),

Clearly the map Tgp = (A*)*2 oTépo (B*)* is a linear contraction and the map
T4p = (A" o Tép o (B*)¥ is a linear expansion. The important part for us
is the central one. For that we introduce some perturbations of the derivative
and choose appropriately kq, ko and k3.

After an arbitrarily small perturbation we can assume that there are

(large) n and (even) m such that

P (Bssr)™ = 1. (4.2)

Note that p"*(B8,11)™* = 1 for all k > 1. We can also assume that ¢ is a

rational number and thus there is large k& with
Citt = p"* Ry = p"* 1d.
Note that since |Bs11| < |Bsi2| by (4.2), we have that
My = My(n,m, k) = p"F(Bepn)™® >> 1.

Consider k; = mk and ky = nk. By this choice we have that (C,)" o
TCSP o (Cs)* is a map of the form:

pnk(ﬁs+1)mk 0
0 pnk(ﬁs-ﬂ)mk .

prId o TCCQP o (Co) = TCCQP (

Now take an arbitrarily large k3 such that the central part of f" keeps
orthogonal vectors in orthogonal vectors. Then arguing analogously as in the
proof of same proposition, (note that we are choosing arbitrarily large k and k3)
we can modify the action of f in the central direction, without modifying the
others directions, along the orbit of X, f(Xg),..., [T(Xg) = Xp to transform

T&p in a linear map of diagonal form

£1 0
(1) ”
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The construction of the transition map Tpg is analogous to the one above and
thus omitted. Similarly, the construction of the unfolding family is analogous
to the one in Proposition 2.2.

The sketch of the proof of the proposition is now complete. O

4.2
Model and quotient families

Model families associated to (R, C)-simple cycles are defined as in Defi-
nition 3.2 with the natural changes. Recall also the notation in Definition 4.1

of a (R, C)-simple cycles.

Definition 4.4 (Model unfolding families). Let (f;)ic[—c,q2 be a family of dif-
feomorphisms unfolding a (R, C)-simple cycle in a simple way at t = (0,0).

Suppose that this cycle is associated to the saddles P and @ with linear
parts A and B, heteroclinic points X¢o and Yp, and transition maps Tpg
and Tgp. The model unfolding family (F});ci—c2 associated to the family
(fe)te[—e.q2 is defined as follows:

Top(x) if z€ Uxy,,
A(x) if x € Up\Uy,,
Tpg i(x) if ©€Uy,,
B(x) if x€Ug\Ux,,

Ft:Z/IQUUP%M, Ft(]}):

where Up and Uy are small (linearizing) neighborhoods of P and @), and
Ux, CUq and Uy, C Up are neighborhoods of Xq and Yp, respectively.

As in Section 3.2, we consider the quotient of this model family by the
sum of the strong stable and strong unstable bundles, obtaining the following
family of bidimensional maps. Let fgp be the restriction of T¢)p to the central
direction (see items (iii) and (iv) in Definition 4.1).

Recall that B;(zf) and Bj(zp) are d-neighborhoods of zf and 2%,
respectively, and the definition of the numbers M;, My > 0 in itens (iii) and
(iv).

The possibilities for 0gp: Bs(z5) — Bs(r%) are

(xla Ml $2> + (xpv xm)

44
(=21, My 22) + (2p,, Tp, ). (44)

7
(x17x2) + (xfh’xqz) 'E) {

Similarly for the restriction 0pg of Thq, to the central direction we have the
map Opg,: R? — R? defined by

(1’ . ) b@t (1’1, Mg 152) + (tl, tg) (4 5)
b2 (—xl, M2 IQ) + (tl,tg). .
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We use the notation 0 and 953@“ where (i,j) € {+,—}?, for the different
cases above.
Considering the linear maps C, and Dz in Equation (4.1) and the maps

f4p and Gngyt, we define the quotient family below:

Definition 4.5 (Quotient families). Consider small |t|. For each m,l € N we
consider the composition
QUi Paatl Dl o 9, 0 O o Oy + Bl (2)) — Bs(af)),
for (i,7) € {+,—}?, where B%iﬁ;’l’ﬁs“’i’j(aﬁa) is the mazximal subset of Bj(xg)
where the map Q;’%{l’ﬁg“’i’j is defined.
Associated to a model unfolding family (Fy)ic|-cq> there is defined its
quotient family (an’éfjl’ﬁ”z’i’j)m’g’t, where m, ¢ € N, and «, Bsy1, Bsio,1,] are

chosen according to the form of the central part of Fy.

Proposition 4.6. Given a quotient family (ng’ﬁfjl”gs”’i’j)myg@\; and positive

numbers €, g > 0, there are a parameter t, € R? with lto| < €0, arbitrarily
large natural numbers k, 0,0, m,m with (m, 0) # (m, !7), and numbers & € C
and /Bs_i'_l > 1 with

oo — & < po,  |Bss1 — Bogr| < po,
such that

&:Bs+lzﬁs+27i:j and fo75}+17133+27i7j'

0ol ‘
i) x5 is a common fized point of Qi o E by

it) The derivative of Qi Parifarabid 4y xg) is of the form

m,L,to

i(Bs—l—l)me 0
0 (Bsi2)t p™ My My )

; : 1
1- (5s+1)_1 < |(65+1)me| < ﬂ

where

i) Qi ) = 07

Proof. Without lost of generality, we can assume that in local coordinates
% = (1,0) and z = (1,0). After an arbitrarily small perturbation we can
assume that a has a rational argument ¢. Fix n > 0 such that the map

Cy = p" Ry = p"Id, where R, denotes the rotation of angle ¢.
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We need to consider the different cases according to the choices of
(i,7) € {+,—}> Recalling Equations (4.5) and (4.4), for the case (+,+) we

have

Qi ™ ) = (Bee) (0™ &+ 1], (B [(07)" My May + 1)),
Let t = (t1,t2) = (¢1,0) and consider a point (z,0). Then

Qi (2,0) = ((Burn)'[(0")™  + ], 0). (4.6)

We will choose pairs (nm, ) and (n (m + 1),¢) and a parameter ¢; such that
(after a small perturbation) the point z¢, = (1,0) is a fixed point for these
compositions.

After an arbitrarily small perturbation of 5,1 we can assume that there

are arbitrarily large m and (even) ¢ such that
P = ") = ()" = ()" = (Been) T

Consider an even ¢ >> ¢ such that (Bsﬂ)*z is close to zero for all BS“ close
to fs11. Take & > 0 (close to n(m + 1)), BS_A'_I close to Bsy1 and p close to p
such that

(B")™ = ()" = (Ber) ™ = (Bepr)™ and pF = (") - B (47)
Let .
th=—(0")" + (Bep1) ™" (4.8)

With these choices we have the following:

. . . &,Bs+1,Bs42,+,+ @,Bst1,Bs 2+t
Claim 4.7. The point (1,0) is fized for Qnm,zl(tl,(;r)z and Qn (m:),g(il,o) .

Proof. The first assertion follows from (4.6) and (Bs1)¢[(p™)"™ +11] = 1 (which
is a consequence of (4.8)).

Similarly, for the second assertion it is enough to see that

Bar) [(")™ 4 1] = 1.

By the definition of ¢; in (4.8) and (4.7), we have

(Bust) [ 0] = (Bn) [0 = ()" + (Ben) ]
= (Bst1) [(Bs+1)7e — (Bosr) ™+ (53%»1)7@] =1,

v

proving the claim. Ol

Claim 4.8. Q)07 7+#(1,0) = (0,0).
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Proof. By first equation in (4.7) we have that

= —(")"+ (Bor)) ™ = ="+ (Bor) ™

Using Equation (4.6), note that by second equation in (4.7) and the choice of

t; above we get
Pt = ()" = B = ()™ (Ben) T =0,
ending the proof of the claim. O

Note that the case (—,—) follows similarly. For the cases (4,—) and
(—,+) it is enough to consider similar construction with ¢, = (p")™ + + (Bosr) "

to have the point (1,0) fixed point for o ﬂs“fs(;rf 7 and QZ 5;1115271 +0 This

completes the proof of the first item of the proposition.

&, Bst1,Bs42,+,+
nm,l,(t1,0)

the estimates on |(f,41)¢ p™| recall Equation (4.7) and note that

The assertion about the derivative of Q" is immediate. For

1= (Ba)

()" (o) = =225

Therefore

()" (o) < 1=

Since 1 — (Bys1) ™! < 1 — (Bos1) " we have that

L= (Bu) ™" < ()" (Bern)”
These two estimates complete the proof of item (ii). O

Proposition 4.9. Let (F})ic|—c2 be a model family whose quotient family
(Qa”gs“’ﬁs“)m’geN satisfies Proposition 4.6 for to, (m,£) and (i, (). Let

m, Lt
C = max{[l - (B1) "7 L= p] '}
Then

i) There is periodic point A = (a°,a°, a") € Ux,, of Fy, of period m +2 +(

m+2+¢

such that the central eigenvalues of D(F,)"y are

Asi1 = p" (Ber)' € [C71,C, Aotz = p™ My My (Bsy2)".

it) The intersection W (A; Fy,) )NW**(A; Fy, ) is an infinite set (non-trivial).
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Result above is a similar result of Proposition 3.3 in this context. Since
the proof follows exactly from it, we omit it. The estimates on the central
eigenvalues and the constant C' follow immediately from (ii) in Proposition 4.6.

Next result is an immediate consequence of proposition above.

Corollary 4.10. Consider the model family (Fy)ic—eq2 in Proposition 4.9
associated to a family of diffeomorphisms (fi)ic[—e,q2 unfolding a (R, C)-simple
cycle (associated to saddles P and Q) in a simple way. Let to, (m, (), (m,0),
k € N and C > 0 as in Proposition 4.6 and 4.9. Then there is a periodic point

A €Ux, of fi, of period m + 2+ L such that

i) If \ey1(A) is one of the central eigenvalue of D(fi,)5 ™™ then

)\s+1(A) € [0717 C]a

ii) the intersection W™ (A; fr,) N W*(A; fi,) is non-trivial;
ZZZ) WUU(A’ fto) N WS(Q; fto) 7é 0 and WSS(A; fto) N WU(Qv fto) 7é (b;

iv) WY (A; fi,) NWH(P; fi,) # 0.

4.3
Strong homoclinic intersections

In this section we prove proposition below.

Proposition 4.11. Let f be a diffeomorphism having a co-index two (R, C)-
cycle associated with a pair of saddles P and Q. Then there are diffeomor-
phisms g arbitrarily C'-close to f having strong homoclinic intersection with

one-dimensional central direction. Moreover,

W*(A;9) N W™(Qg; 9) # 0,
WY(A; ) NW?3(Qy;9) #0, and
W (A; g) "W (Py; g) # 0.

where @, and P, are the continuations of () and P, respectively, for g.

The difference of Proposition 4.11 and Proposition 3.1 is that the periodic
point of proposition above has just one eigenvalue equal to one, that is, it has
a partially hyperbolic splitting E** & E°¢ @ E**, where E* is a contracting
bundle, E** is a expanding bundle and E£° is a one-dimensional bundle.

Therefore Propositions 4.2 and 4.11, and Theorem 1.5 give the following

result:
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Corollary 4.12. Let f be a diffeomorphism having a co-index two (R,C)-
cycle. Then every C'-neighborhood of f contains diffeomorphisms with C!-

robust heterodimensional cycles of co-index one.

Moreover, join Propositions 4.2 and 4.11, and Theorem 3.5 in [8] we have

the following result related to the semi-stabilization of the cycle.

Corollary 4.13. Let f be a diffeomorphism having a co-indez two (R, C)-cycle
associated with saddles P and Q). Then every C*-neighborhood of f contains
a diffeomorphism h with C'-robust heterodimensional cycles of co-index one

associated to the continuation Qy of QQ and a transitive hyperbolic set T'y,.
By completeness, we include Theorem 3.5 of [8]:

Theorem 4.14 (Theorem 3.5 [8]). Let g be a diffeomorphism, Q a saddle of
g, and A a partially hyperbolic saddle-node (or flip) of g such that:

i) u-index of Q is equal to dim(W""(A;g)) +1=u+1;
ii) A has a strong homoclinic intersection,
i) W*(A; ) "WH(Q; g) # 0; and
) W(A;9) " WH(Q; 9) # 0.

Then there is a diffeomorphism h arbitrarily C'-close to g with C'-robust
heterodimensional cycles of co-index one associated to the continuation QQp
of Q and a transitive hyperbolic set I';, containing a hyperbolic continuation

Ay, of A of u-indezx u.

43.1
End of the proof of Proposition 4.11

To prove this proposition note first that, after an arbitrarily small
perturbation we can assume that the cycle is (R, C)-simple (Proposition 4.2).
We can consider a family (f;)ic|—cq> unfolding this simple cycle in a simple
way, Proposition 4.2. We can assume (after an arbitrarily small perturbation
if necessary) that the central family Q,,,, of this model family satisfies
Proposition 4.6 for some arbitrarily small ¢, and large (m,£) and (i, f).
Corollary 4.10 implies that f;, has a strong homoclinic intersection associated
to a saddle A with period m + ¢ + 2 and one central eigenvalue A 1(A) €
[C~!,C]. Since this bound is independent of m and ¢ (note that m, ¢ can be
chosen arbitrarily large), after an arbitrarily small perturbation (preserving
the strong homoclinic intersection) we can assume that the central eigenvalue

As+1(A) has modulus one. This completes the proof of Proposition 4.11. [
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