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7
Symbolic skew product maps

In this chapter we start to study the second main topic of this work:

symbolic blender-horseshoes, in particular, we prove Theorem B.

Given a map ® = 7 X ¢¢ € S,S:f\"ﬁ(D), with 0 < A < 8 < 1, we will
study the maximal invariant set of ® in X, x D. For notational convenience,
we denote S in the place of S,S:f\’,ﬁ(D).

Throughout this work we use the following notations.

Given a bi-sequence & = (..., & 1;&0,&1,-..) € X the symbol at the right
of ;7 is the “0 coordinate” of £&. In what follows the number £ > 2 of symbols,
the contractivity ratio 0 < v < 1 of 7 : ¥, — ¥ (recall (1.5)), the Holder
exponent « > 0, the non-empty bounded open set D and the locally Lipschitz
constants A and [ remain fixed.

Given a skew product map ® = 7 X ¢, for every n > 0 and every

(¢,2) € By, x D we set
G (2) = drnmrg 00 de(x) and ¢ "(z) = ¢;}(n,1)(£) o---o¢ (). (7.1)
Note that (¢, z) = (7"(£), ¢¢(x)) and @7"(&,x) = (77"(£), ¢, ) (2)), for

alln > 0.

7.1
Invariant graph

The invariant graph theorem is an important tool to understand symbolic
blender-horseshoes. Next result claims the existence of a “unique invariant at-
tracting graph” on X x D for ® € S. Indeed these graphs depend continuously
on ®. The theorem below is a reformulation of the results in [15] (see also [24,
Theorem 1.1]) (items (i-ii)) and [10, Section 6] (item (iii)).

Given a function g : ¥, — D its graph map is defined by

graph[g]: ¥y — S x G, graph[g](£) = (&, 9(9))

and its graph set by

Iy image (graphlg] ) = {(,9()): € € S} € % x D.
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Theorem 7.1 ([15, 24, 10]). Consider ® = 7 x ¢ € S with f < 1. Then there

exists a unique bounded continuous function ge : X — D such that

i) ®(5,90(€)) = (7(€), 9o (7(©)), for all € € S, that is, D(Ty,) = Ty,

i) |¢¢ (x) = ga (T < B"|ga (&) — x|, for all (€, 2) € ¥y x D andn >0,
and

iii) The set Ty, depends continuously on ®.

For notational simplicity in what follows we just write I'g in then place of
I'y, to denote the unique contracting invariant graph set. The next proposition

shows that I' is the locally maximal invariant set in ¥ x D of ®.
Proposition 7.2. Consider ® =7 x ¢ € S, with f < 1. Then
i) the restriction ®|r, of ® to the set I's is conjugate to T, and

i) the invariant graph set is the (forward) maximal invariant set in X x D

Ty =[] ®" (S x D) = (] ®"(Sk x D).

nez neN

Proof. By (i) in Theorem 7.1, one has that ®ograph|ge| = graph[ge|o7. Hence
graph[gs] conjugates the maps ®|r, and 7. To get the continuity just note that
graph[gs] is continuous and that graph[ge]™': ¥ x G — X is the projection
on the first coordinate, thus it is also continuous. Then we conclude item (i)
of the proposition.

Recall that periodic points of the shift map 7 are dense in Y, that is,
Yp = F(T). Conjugation in the first part of this proposition implies that
I's = m. Let I" be the local maximal invariant set of ¢ in X, x D, that
is, [' = Npez® (X, x D), and then 'y C T.

To prove that I' C T'g, consider (£, z) € T" then it is enough to see that
r = go(€). As the set 'y is bounded, we have that K = sup{d(y,T's),7 €
I'} € [0,+00). Since the maps ¢, are contractions with contraction constant
0 < 8 < 1 we deduce that

[ = g2(E)| = |0 © ¢ "(x) — &¢ © ¢ " (ga(E))]
< B*lgg™ (x) — o™ (9o ()l
= "d(®7"(¢, @), 2 7"(E, 90(8))) < K"
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Taking n — 0o we get © = g¢(§) and thus (§,z) € I's. Thus I' C T'g, proving
the proposition. Ol

7.2
Unstable sets

In this section we continue the study of the maximal invariant set I'g for
® € §. We analyse the relation between the set I'g and the unstable sets of

points (£, x) € T'p. We first show the existence of a strong unstable lamination:

Proposition 7.3. Consider ® = 7 x ¢ € S, with 3 < 1, and let I's be the

mazimal invariant set of Xy X D. Then, there exists a partition of I'g

WE, = {WEk((6,2); @)« (&) € T}
such that for every (&,x) € I'y one has that
i) WEe((&,x); @) is the graph of an a-Hdlder function 7%‘ cWE(&T) — G,
ii) 12(6) = ga(¢) = 7,
iii) V(") = 8(€") for all &,6" € Wi (&7),
) ¢ e 0 VEE) = A 0 T HE) where € € Wik (€;7), and

v) Wise((§,2); @) C WH((§,2); ®).

Proof. Let (§,x) € I's. Note that = go(£) and that (¢, )~ =

indeed:

(g

;—l”(ﬁ) O---0 ¢;_11(£) o ¢T—l(£) O--+0 (]57_771,(5) = Id

g

*1(5)

Prnie)

We define a sequence of maps 7" : Wit.(;7) — G by

72"”(5’) = ¢ © (¢¢—n(§))_1(9€) =@ nen 0" “1(¢) © 9o (&)

Note that {7/} is a sequence in the complete metric space C°(Wj.(¢;7), G).

Lemma 7.4. The sequence {72‘"} 1s Cauchy sequence and so it converges to

some map g

Proof. Since 8, < 1, to prove the first part in the lemma it is enough to see

that )
e HED) = 2™ ()] < Ca(Br™)™ ds, (€, €). (7.2)
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To prove this inequality first recall notation in (7.1) and observe that item (i)

of Theorem 7.1 implies that for every n > 0 and £ € ¥,

P oge(§) =goo"(§) and ¢ My, 0 ge(E) =geoT "(S). (7.3)

Then, since ¢¢(D) C D for all £ € X, we have that
Zfi(fl) o ¢;IL1(£) 0 go(&) = Qﬁffﬁ(g,) oggoT "(€) €D forevery 0 <i<n.
To prove the inequality in (7.2), we have || “"H(f ) =€)l equal to

[fexans 1en © 0 Ogé(f) Prn(en © O 1 g o ga(§)ll =
= (|97 (ery © Drn-1(er) © 676y © Ga(€) — Br-nen © B ) © ga (€]
< B ¢pr-n-1¢ery 0 9" 71(5 0 ga(§) = ;%1 © g (&)
= B"[|¢r-n-1(er) © rl(g) 0 go(§) — prn-1(¢r) © (b;}"*l(g')(br_ﬁl(g) o ga (&)
ﬁnHH(ls_n 5O 9a(§) — @;}n,l(g,) ° ¢;1L1(§) o ga (&)l
= ﬁnHHQSrnfl(g) © (beLl(g) o ga(§) — ;lnfl(gf) © (?5:11(&) © 9<I><§) H

*x€D x€D

< B Copdy, (77H(E), T )"
< 6n+1 O@ya(n+2 Co (6 a)nJrl dzk(&gl)a_

The proof of the lemma is now completed. O

To prove that Wy, —is a partition of I's we need to show that
WP (€, x); ) is contained in I'g for all (£, z) € I'p. To do this let (§,z) € I'p

loc

and (¢',2') = (£',7€(€) € Wg((§,2); ®). We will prove that 2’ = ga ().
From (7.3) and noting that = go(£) we have the equalities:

190 (€) — € (NNl =
= lim [|¢7-ner) © &7 "1 © 9o(€) = nier © 9" gy © ga ()]
= nh_)nolo ||¢Tfn(§/) ogpoT () — ¢T—n(g/) ogeot "(E.

Since the maps ¢ are 3-contractions and for ge : X, — D, if K is an upper
bound of the diameter of D we get that

l92(£) = (€I < lim B%[[ge 0 77(£') = go o7 (]| < lim K" = 0.

n—oo

Thus go(£') = 1¢(¢') = 2" and so (§',2") € I's. That is, Wi2((§,2);®) C I's
for all (¢, z) € T's.
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Indeed, we have proved that 7¢({') = ga (&) for all & € Wi (&; 7), proving
(i). Tn particular, 7#(€") = ga(£") = AL(€") for all €, € Wi, (€7), that
proves (iii).

To prove that ¢ is an a-Hélder map (item (i)) first note that by the

triangle inequality we get
Iy (&) = 2l = [ (€) = ™1 < Y sil€) (7.4)
i=1
where x = g5(§) and s,;(¢’) is given by

||¢7— n+i(g O ¢7'_” 1+i(gry O ¢ —n( 7?1(,5) (.’E)—

n—i

ni(gr) © QST*”*H"(&) o Qf’f—iln,(g) o @f’;ﬁl(g) (x)H

Claim 7.5. 5,(¢) < Co(Bv*)"'dy, (£,&)*, for everyi € {1,...,n}.

We postpone the proof of this claim. Taking n — oo in (7.4) we get

7€ (§") = (O < Chds, (€,6)" for all & € Wi (&7) ,

where C., = Cg(1 — fv®)~". This shows that ¢ is a-Hélder. Indeed, for &,
£ € W, (€;7), observe that 1¢(€) = 14 (€") and 4(€") = 14(€"). Thus

7€ (€) = % (€M) = (e (€) = e (")l < Cydg, (€',€7)".
Note that the Holder constant obtained is uniform on £ and = = g¢(£).
Proof of Claim 7.5. For every i € {1,...,n}, we have that
( ) ||¢ —n+z(5) 0 ¢T—'ﬂ—1+i(§’) © (bii}z(g) ° ¢;f1(§)(l‘)—
ki) © Srnoiri) © O © 97 g (@]
< aniHQbT,nflJri(é/) o (ﬁ::i o (ﬁ;ﬁ(&) (Q;)_
¢T n— 1+1(§) o ¢T n(&') o ¢7‘ 1(5 ( )H

< ani Cq;. ( 7n71+z(€ )77_7n 1+z(£))a
Bn zC V(n zayai (Bya)n zC‘dek(g 5)

where first inequality follows from S-contraction of ¢¢, and second one from

a-Hélder continuity of ¢. O

This completes the proof of item (i).
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To prove item (iv) observe that

;}1(5/) O’yg(f/) = hm qb T=1(¢") O¢ —n(gh) O¢ -1 OQ@(&)
= hm ot 1) O Pr—1(¢r O¢T n( O¢ 1) ° g (&)

= lim @77 0 67 09@(6)

n—00
(n— 1)

= lm 677y 0 0,3 5) °¢7—1<5 ° ga(£)
= lim ¢77) o 065 ) 0 gao T () (7.5)

n—oo

= 77'_1(5) © 7—71(5/)7

where equality (7.5) is consequence of (7.3): ¢ 1o © 98(§) = ga © 771(€).
Now we prove item (v): W ((§,x); @) < W*((&,x); ®). Let (&, a)

loc

e Wi((¢,x); @), Then ¢ € W .(&;7) and o’ = (§’) Thus,

loc

d(@7"(¢a"), @7"(¢, 7)) = d, (77" (&), T‘"(E)H
+ (" 1(gr ') — ;"1(5)(96)!!

< Vs, (€,8) + 0.5 ey 0 () — 0.0 o (@)]-
(7.6)

Since (§,z) € I's we have that x = go(¢), and using that 7, ;) o 77"({) =

Uu

go o1 "(E) = O g (@) and @) 0N (E) = Ym0 T (E) we get

1677 ey 00 (€) = 6.7 o ()] = 7m0 T () = Wm0 7 ()
S VandEk (£/a §>a‘

This implies that (7.6) goes to zero as n goes to infinity and therefore (¢',z")
belongs to W*((£, z); ®). The proof of item (v), and of the proposition, is now
complete. O

By construction, the sets of the partition Wy are the local strong unstable
set Wt ((&, x); @) throughout the point (£, x) in I's. We define the (global)

strong unstable set of (§,x) € 'y as

Wuu def U CI)” loc n(& 1‘); (D))

n>0

Before stating the next proposition let us recall that for each ® = 7 x ¢¢ we
denote by Per(®) the set of periodic points of ® and that & : ¥y x G — G is

the projection on the fiber space.

Proposition 7.6. Consider ® =7 x ¢ € S, with § < 1. Then
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i) W (&, x); @) = W((§,2); @) CTg for all (€, z) € Te, and

ii) for all periodic point (9, p) of ® in Xy x D

Ko = 2 (Per(®)) N D = 2(Wu((9,p); @) = 2(I's) = ga(Zk).

Proof. To prove the inclusion W**((§,x); ®) C W*((&,x); @) for all (§,z) in
Iy, we take (&', 2") € W"((£, z); @) and show that
lim d(®~"(¢, '), &"(€, x)) = 0. (7.7)

n—oo

Since (¢',2') € W™ ((¢,x); ®), by definition there are m € N and ((,2) €
Wpia(@=m(¢, x); @) such that (¢, 2") = ®™((, 2). Let (n,y) = (&, x). Note

loc

that (n,vy) € T's, (¢,2) € W ((n,y); ), and

loc

(@7 (¢, '), @7 (¢, 2)) = d( (¢, 2), @7 (1, y)).

By item (v) of Proposition 7.3, we have that W%((n,y); ®) C W*((n,y); ®)
and thus it follows (7.7).

To prove the converse inclusion, that is, if (§,2) € TI's then
WH((&, x); @) € W™ ((&,x); @), take (&', 2") € W¥((&, x); ®). We have to show
that there is m € N such that @™ (¢, 2') € W (d~™(&, z); @). By definition

of unstable set,

nlggo ds, (17(€),77"(€)) =0 and nhjf)lo ||¢;—nl(§/)($/) - :11(5)(@” =0.
(7.8)
Since (§,x) € I'p then ¢ ) (z) € D for all n > 0. Thus, there exists m € N

such that
™) e Wh(TT™(E&);T) and ¢ _71@(4;71)( "Ye D, forevery n > m.

Write (n,y) = ®™(§,x) € I'p and (1, y') = &~™(&,2’). Hence, one has that
y = go(n) and that qbn,f,(n o gb;fl( (y) and gb”,,f(n op " n)< ') belong to D
for all 0 <4 < n. Recalling the definition of ;' and 7, we have that

Iy — '7;(77/)” = nlggo ||¢¢*n(77’) © ¢;—nl(n/)(?//) - (r/irl*"(n’) © ¢;zl1(n) Ol
< nh_{glo B" HQST_ﬁl(n’)(y/) - :Ll(n) (y)H
From (7.8) and since 8 < 1, we get this limit is zero and hence y' = 7/(n’). That

is, ®7(¢,a') € WP (&, x); P) and therefore (¢',2') € W ((&, z); D),

concluding our assertion.
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Note that we proved that W (({, z); ®) = W*(, x); ®) for all (§,z) €
I's. Then by Proposition 7.3 we have that W*(¢, xz); ®) C I'g, ending the first
item of the proposition.

To prove item (ii), consider a periodic point ¢ € ¥ of 7 and note
that W*(9;7) and Per(7) are both dense in ;. Using the conjugation in

Proposition 7.2 and item (i), we get

Per(®[r,) = To = W ((¢, go(9)); @) = W ((9, go(9)); ). (7.9)

Note that if (¥,p) € ¥, x D is a periodic point of ®, from the assumption
¢¢(D) C D, we have that ®"(¢9,p) € Iy x D for all n € Z. Moreover, since
gs is the unique invariant graph of @ restricted to ¥;, x D, by item (ii) in

Theorem 7.1 we get p = go(¥). From this, we have
Per(®|r, ) = Per(®|y, . 5) = Per(®) N (2 x D). (7.10)

Recalling that K¢ is the closure of projection by & of the periodic points of
® in D and since the projection & is a closed map and ¥, is a compact set,
Equations (7.9) and (7.10) imply that

P(Ty) = 2 (WH((0,p); D)) = 2 (Per(®lr,)) = 2 (Pex(®)) N D Ko

Finally, note that by definition Z(I's) = go(Xx) and from the above equation,
K¢ = go(2x). Now, the proof of the proposition is now complete. O

7.3
Continuation of the reference cube

In this subsection we will conclude the proof of Theorem B. Note that
Proposition 7.2 implies the first part of Theorem B and to conclude the proof
of Theorem B, it remains to show item (v), that is, K¢ depends continuously
with respect to .

Given two subsets A and B of D we define

dy(A, B) < sup{d(a, B),d(b,A) :a € A,b€ B}, A, BeK(D).
We have the following properties of dy.
(H1) dy(A, B) = dy(A, B),

(H2) du(T(A), T(B)) < Lip(T)du (A, B) where T : D — D is a Lipschitz

map,
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(H3) if A; and B; are non-empty subsets for all 7 in a set of index I then

an (U4 \UB:) < supdn(ai, By,

iel i€l el

We consider the set (D) whose elements are the compact subsets of
D endowed with the Hausdorff metric dy obtaining a complete metric space.

Define the map
Z:S—K(D), ZL(®)=Ks.

Note that by Proposition 7.6 we have K¢ € K(D) for all ® € S and thus this
map is well defined.

The next proposition claims that £ is continuous, completing the proof
of Theorem B.

Proposition 7.7. Consider ® =7 x ¢ € S with < 1. Then, for each e > 0
there is 0 > 0 such that for every ¥ = 7 X ¢ € S with

dco(qf)g,d)f) <O it holds that dH(Kq), Kq;) = dH(g(@%g(\l’)) < E.

Proof. Fixed small € > ¢ > 0, let 0 = €(1—/3)/2 > 0. Take a fixed point ¥ €
of 7. As ¢9(D) C D, by Brouwer’s fixed point theorem, there is pg € D such
that ¢9(ps) = pe. As the map ¢y is a contraction this fixed point is hyperbolic.
Thus, (¢, ps) is a fixed point of ¢ in ¥ x D. If § is small enough then for every
U = 7 X e with deo(¢g, 1) < d there is py € D close to pe which is a fixed
point of 1. Thus (¢, py) € I'y is a fixed point of ¥, called the continuation of
(¥,pe) € I'y for W. Take © = 7 x 0 € {®, U}. By Proposition 7.6 the strong
unstable set and the unstable set of (1, pg) are equal. Thus

P(W((9.pe);0)) = | J Z 0 0"(Wi((9.p6): ©)).

n>0

By item (i) of Proposition 7.3, the graph set of v : Wit (9;7) — G is the
local strong unstable set of (9, pg) for ©. Thus, for each n > 0,

2 (O (WH(9,00):0))) = {02 073,0(€): € € Wi (057)} 2 E,(O).

Hence, by Proposition 7.6

Ko=2(W"((9.pe);0)) = | JE.(©), ©=0,1.
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By item (H3) of properties of dy

n>0
On the other hand, for each n > 0, we have that

d (Eq(®), Eo(V)) < sup  |[dF 07§, (6) — ¥ 095, (O (7.11)
EEW s, (9:7)

Fix £ € Wt (9; 7). First we will estimate (7.11) for n = 0.

Claim 7.8. For every m € N it holds v§(§) = ¢T—m(£) oy o1 ™), for
& e Wu(d,).

Proof. Recall that (¢T_1(§))_1 = ¢ ¢ and by notation in (7.1), and item (iv)

in Proposition 7.3, we get:

6 ey 0 V(€)= Bty 0 0 B Ly 0 VH(E)
6 ) €)
————

) © 0 Orag 0wy 07 (€)

g

= brini © 0 Orag © Vrawy 0T (€)

= e 07 (O = 75 07,
[

Using the claim above, the triangle inequality and the S-contraction of

¢¢ we get

195,56 (€) = Vi ) =
= [|¢Tm(e) 0 Vipe ©T "(€) — Yy © Vopy 0T " (E)l
<@ (e 0 Vipe ©T "(€) = Bltmiey 0 Vg ©T T (E +
+ 187 m(e) © Vo py ©T () = UVimiey © Vi pg ©T (S]]
S B™MVope 0T (&) = Wipe 0T O+

107 m(e) © Vi pu © T () = Uy © Vi py 0T " (E)-

Write the last inequality in the form 5™ (A) + (B). By continuity and since &

is in the local unstable manifold of the fixed point ¥ for 7 we get that

(A) = 1750 0 T™(E) = V50 © T (O ™= |Ipe — pull.
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Hence the first term in the sum goes to zero as m — oo. To estimate the term
(B) recall that deo(¢g, ¢¢) < d. Thus

1é7-110) © 9y © Voo © 7" (€) = Pro1(6) © Uiy © Ve 0T " E)l <
< ||¢T_1(§ o ¢~r m( O 719 p\p _m(£> - wr—l(f) S ¢T—_ml(§) o ’Yg,pq) © T_m(g)H

+ [thr-1( oqﬁT m(e) © Vopo © T_m(g)_wT’l(ﬁ)owm—;}(g ©Vipy 0T (&)
<5+5H¢ —TYL(E O’yﬁpq)OT m(é-) wT 1 )Ow'r m O’yﬂpq/oT m(g)H

Arguing inductively we get

3

m u —m m u —m — 5
167m(6) © Vg © () = YUme) © Vipy 0T MO S0 Y BT < 5
0

~
I

Putting together the estimates for (A) and (B) we get

17550 (§) = Voo (Ol < 0(1 = B) " <e

proving (7.11) for n = 0.

Now, for each n > 1, with a similar calculation we obtain that

||¢? © ’ys,p(p (é-) - 'l/]? © ’yg,pq, (5) H < /BTLH’Yg,p@ (5) - ’Y:;,pq, (5)” +

Arguing analogously (using the triangle inequality and deo (e, v¢) < 6), w

get that [|¢f o vj,, (§) — ¥ 07§, (E)Il < d(1 — B)~'. Putting together these
estimates and using that 5" < 1, we have that

0 4] 26
95 75,5 () = ¥ 078y (O < 8" 125 + 705 < g =€

By (7.11) this implies that

dH(Kq;., Kq;) < sup dH(En(q)),En(\II)) <e<eg,

neN
ending the proof of the proposition. O]

The proof of Theorem B is now complete.
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