
Yuri Ki

Heterodimensional cycles of co-index two and
symbolic blenders

Tese de Doutorado

Thesis presented to the Programa de Pós-Graduação em Mate-
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Coordinator of the Centro Técnico Cient́ıfico - PUC-Rio

Rio de Janeiro, 09/11/2012

DBD
PUC-Rio - Certificação Digital Nº 0721240/CA



All rights reserved.

Yuri Ki

B.A. in Mathematics, Teaching Track from Universidade de
São Paulo and M.A. in Mathematics, from Universidade Fe-
deral da Bahia.

�ibliographic data

Ki, Yuri

Heterodimensional cycles of co-index two and symbolic
blenders / Yuri Ki; advisor: Lorenzo J. D́ıaz . — 2012.

118 f. : il. ; 30 cm

Tese �doutorado) - Pontif́ıcia Universidade Católica do
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Abstract

Ki, Yuri; Dı́az, Lorenzo J.. Heterodimensional cycles of co-

index two and symbolic blenders. Rio de Janeiro, 2012. 118p.
Tese de Doutorado — Departamento de Matemática, Pontif́ıcia
Universidade Católica do Rio de Janeiro.

In the first part of the thesis, we consider diffeomorphisms having he-

terodimensional cycles associated with a pair of saddles P and Q of co-index

two. We prove that diffeomorphisms with cycles, which have at least one

pair of non-real central eigenvalues, generate robust heterodimensional cy-

cles. Moreover, when both central eigenvalues are non-real, the robust cycles

are associated with the continuation of the initial saddles (i.e. the cycle can

be stabilized). In the second part of this work we study skew product maps

over Bernoulli shifts with contracting fibers and Hölder dependence on the

base points. We prove that systems satisfying the covering property exhibit

symbolic blenders. These blenders are generalizations of the usual blenders

whose main property is that their central direction may have any dimension

d ≥ 1.

Keywords

Blender; Heterodimensional cycle; Hutchinson attractor; Iterated func-

tion system; Partial hyperbolicity; Robust cycle; Skew product maps; Strong

homoclinic intersection; Symbolic blender.
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Resumo

Ki, Yuri; Dı́az, Lorenzo J.. Ciclos heterodimensionais de co-

ı́ndice dois e blenders simbólicos. Rio de Janeiro, 2012. 118p.
Tese de Doutorado — Departamento de Matemática, Pontif́ıcia
Universidade Católica do Rio de Janeiro.

Na primeira parte da tese, consideramos difeomorfismos com ciclos

heterodimensionais associados a um par de selas P e Q de co-́ındice dois.

Provamos que difeomorfismos com ciclos que possuem no mı́nimo um par

de autovalores centrais do ciclo não real geram ciclos heterodimensionais

robustos. Além disso, quando os autovalores centrais são não-reais, os ciclos

robustos estão associados as continuações das selas iniciais (ou seja, os

ciclos podem ser estabilizados). Na segunda parte deste trabalho estudamos

mapas produto cruzado sobre aplicações deslocamento (do tipo Bernoulli)

com fibras contrativas e dependência Hölder nos pontos da base. Provamos

que sistemas que satisfazem a propriedade de cobertura exibem blender

simbólicos. Estes blenders são generalizações do blender usual cuja principal

caracteŕıstica é que suas direções centrais podem ter qualquer dimensão

d ≥ 1.

Palavras–chave

Aplicação produto cruzado; Atrator de Hutchinson; Blender; Blender

simbólico; Ciclo heterodimensional; Ciclo robusto; Intersecção homocĺınica

forte; Hiperbolicidade parcial; Sistemas de funções iteradas.

DBD
PUC-Rio - Certificação Digital Nº 0721240/CA



Contents

1 Introduction 10

1.1 Heterodimensional cycles of co-index two 11
Ingredients of the proof of Theorem A 14

1.2 Skew product maps 16

1.3 Symbolic blender-horseshoes 18

1.4 One-step setting, iterated function systems, and symbolic blenders 19

1.5 Partial hyperbolicity: an application 21

1.6 Organization of this thesis 21

1.7 Colaboration 22

2 Simple cycles: the (C�C) case 23

2.1 Partially hyperbolic dynamics 24

2.2 (C�C)-Simple cycles 24

3 Strong homoclinic intersections: the (C�C) case 33

3.1 Model families 34

3.2 Bidimensional quotient families 36

3.3 Proof of Proposition 3.3 40

3.4 (C�C)-cycles with several quasi-transverse heteroclinic points 43

4 The (R�C) case: simple cycles, model families, and strong homoclinic
intersections 49

4.1 (R�C)-simple cycles 49

4.2 Model and quotient families 54

4.3 Strong homoclinic intersections 58
End of the proof of Proposition 4�11 59

5 Blenders 60

5.1 Geometric model of blender 60
Proof of Proposition 5�1 62

5.2 Cone fields and robustness 66
Cone fields 66

Robustness 69

6 Robust cycles from blenders 70

6.1 Strong homoclinic intersections yield robust cycles 70

6.2 Stabilization of (C�C)-cycles 75

7 Symbolic skew product maps 78

7.1 Invariant graph 78

DBD
PUC-Rio - Certificação Digital Nº 0721240/CA



7.2 Unstable sets 80

7.3 Continuation of the reference cube 85

8 Symbolic blenders in the one-step setting 89

8.1 One-step skew products and IFS’s 89

8.2 Blending regions for contracting IFS: The Hutchinson attractor 92

9 Symbolic blenders in the Hölder setting 95
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