
v0

v1, v2, ..., vn

v0 =
n�

i=1

λivi, onde
n�

i=1

λi = 1.

λi v0

v1, v2, ..., vn

λi

v
0 

v
1 

v
2 

 v
3 

A
2 

A
3 

A
1 

A1, A2 A3

v1, v2 v3 v0

v0 t = [v1, v2, v3]

v0

t

λ1 =
A1

At
, λ2 =

A2

At
, λ3 =

A3

At
,
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Ai v0

t vi At = A1 + A2 + A3 t

T = [v1, v2, v3, v4]

v0 T
v1, v2, v3 v4

v0

λ1 =
V1

VT
, λ2 =

V2

VT
, λ3 =

V3

VT
, λ4 =

V4

VT
,

Vi v0

T vi VT = V1 + V2 + V3 + V4

T

R2 R3

R2
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v0

R3

P

∂ f

∂P u

f P u

u

P

�2 u(v) = 0.

u P

�2 u(v) = 0, v ∈ int(P ) e u(v) = f(v), v ∈ ∂P.

u

P

v0 P v0

P

P

B(v0, r)
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v0 r

P ⊂
R2 u P B = B(v0, r) ⊂ P

Γ
u(v0) =

1

2πr

�

Γ

u(v)ds.

Ti = [v0, vi, vi+1] Γi

Γ Ti

u (v0) =
1

2πr

n�

i=1

�

Γi

u (v) ds

Γ v0 P
P

Γi → R αi

vi vi+1

�

Γi

f(v)ds = rαif(v0) + r2 tan
�αi

2

��
f(vi)− f(v0)

�vi − v0�
+

f(vi+1)− f(v0)

�vi+1 − v0�

�

vn+1 = v1

u(v0) =
1

2πr

n�

i=1

�
rαiu(v0) + r2 tan

αi

2

�
u(vi)− u(v0)

�vi − v0�
+

u(vi+1)− u(v0)

�vi+1 − v0�

��
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u(v0) =
1

2π

n�

i=1

αiu(v0) +
1

2π

n�

i=1

r tan
αi

2

�
u(vi)− u(v0)

�vi − v0�
+

u(vi+1)− u(v0)

�vi+1 − v0�

�

�n
i=1 αi = 2π, 1

2π

�n
i=1 αiu(v0) = u(v0)

0 =
r

2π

n�

i=1

tan
αi

2

�
u(vi)− u(v0)

�vi − v0�
+

u(vi+1)− u(v0)

�vi+1 − v0�

�

0 =
n�

i=1

tan
αi

2

�
u(vi)− u(v0)

�vi − v0�
+

u(vi+1)− u(v0)

�vi+1 − v0�

�

0 =
n�

i=1

tan
αi

2

�
u(vi)− u(v0)

�vi − v0�

�
+

n+1�

i=2

tan
αi−1

2

�
u(vi)− u(v0)

�vi − v0�

�

0 =
n�

i=1

tan
αi

2

�
u(vi)− u(v0)

�vi − v0�

�
+

n�

i=1

tan
αi−1

2

�
u(vi)− u(v0)

�vi − v0�

�

α0 = αn

u(v0)
n�

i=1

�
tan αi

2 + tan αi−1

2

�vi − v0�

�
=

n�

i=1

�
tan αi

2 + tan αi−1

2

�vi − v0�
u(vi)

�
.

wi =

�
tan αi

2 + tan αi−1

2

�vi − v0�

�
, u(v0)

n�

i=1

wi =
n�

i=1

wiu(vi).

λi =
wi�n
i=1 wi

u(v0) =
n�

i=1

λiu(vi).

λi

v0 vi

P
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ai C

ei = (vi − v0)/ri ri = �vi − v0�
v̂i = v0 + ei C

v0 v0 ai C âi

v̂i v̂i+1

n(v)

∈ C v − v0

0 =

�

C

n(v)ds =

�

C

v − v0 ds =
�

ai∈A

�

âi

v − v0 ds

A

mi =
�
âi
v−v0 ds

ei

mi = µi,iei + µi+1,iei+1,

µi,j ei mj

mi−1 = µi−1,i−1ei−1 + µi,i−1ei

vi

mi−1 mi
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v
i
  

v
i + 1 

v
i
  

v
i + 1 

v
0 

e
i 

e
i + 1 

m
i 

mi

âi

0 =
n�

i=1

mi =
n�

i=1

µi,iei + µi+1,iei+1 =
n�

i=1

µi,i
vi − v0

�vi − v0�
+ µi+1,i

vi+1 − v0
�vi+1 − v0�

⇒ 0 =
n�

i=1

wi(vi − v0), wi =
1

ri
(µi,i + µi+1,i)

µi,i−1 = tan
�αi−1

2

�
e µi,i = tan

�αi

2

�

v0 =
n�

i=1

λivi, λi =
wi�n
i=1 wi

.

∂

P ⊂ R3 u

P B = B(v0, r) ⊂ P S

u(v0) =
1

4πr2

�

S

u(v)ds
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ei v̂i

v̂i E v0 t̂ = [v̂i, v̂j, v̂k]

v0 [vi, vj, vk]

v0
v1, v2, v3, v4 v5

n(v) E v ∈ E

v − v0

0 =

�

E

n(v) ds =

�

E

(v − v0) ds =
�

t∈T

�

t̂

(v − v0) ds,

T

mt =
�
t̂(v − v0)

mt

mt =

�

t̂

(v − v0) ds = µi,tei + µj,tej + µk,tek.

S v0, vi, vj vk

E S

t̂ = [v̂i, v̂j, v̂k] fij, fjk fki
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v0 P
v0 t = [vi, vj, vk] ∂P

v0 t̂ = [v̂i, v̂j, v̂k] t mt

t̂.

�

t̂

n(v) +

�

fij

n(v) +

�

fjk

n(v) +

�

fki

n(v) = 0, v ∈ S.

�

t̂

n(v) = −
�

fij

n(v)−
�

fjk

n(v)−
�

fki

n(v).

�
t̂ n(v)

ei, ej ek,

mt =

�

t̂

n(v) =
1

2
(θijnij + θjknjk + θkinki),

nij fij

mt njk.ej = njk.ek = 0

µi,t =
θjk + θijnijnjk + θkinkinjk

2einjk
.
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µi,t, µj,t µk,t

0 =
�

t∈T

�

t̂

(v−v0) =
�

t∈T

mt =
�

t∈T

µi,tei+µj,tej+µk,tek =
n�

i=1

�

t�vi

µi,tei

=
n�

i=1

1

ri

�

t�vi

µi,tei =
n�

i=1

wi(vi − v0),

wi =
1

ri

�

t�vi

µi,t.

v0 =
n�

i=1

λivi, λi =
wi�n
i=i wi

.

K P
pvi p vi

v0 K

P
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P

�2 u(v) = 0 v ∈ int(P ),

P R2

∂P

vi ∈ ∂P hi

�2 hi(v) = 0, v ∈ Int(P ) e hi(v) = φi(v), v ∈ ∂P,

φi(v) ∂P φi(vj) = δi,j

φi(vj) i = j i �= j

φi(∂P ) a1, ..., a6

φi(vj) = δi,j

v
1
  

v
2
 

v
3
 

v
6
 

a
1 

a
6 

v
1
  

v
2
 

v
3
 

v
6
 

v
1
  

v
2
 

v
3
 

v
6
 

(a) (b) (c) 

v
6
 v

6
 

v
6
 

h1

v1 ∂P

φi(v)

∂2φi(v)

∂v2
= 0, v ∈ ∂P.
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∂P

vi, i = 1, ..., 6

φ(vj) =

�
1 se i = j

0 se i �= j

φi vi

vi−1 vi+1

φi(v)

P

�
�2hi(v) = 0, v ∈ Int(P )

hi(v) = φi(v) iv ∈ ∂P

v0 ∈ int(P )

hi(v0) vi v0

hi(v), v ∈ int(P ) vi

P R3

vi

P vi

v0 P

v0 =
n�

i=1

hi(v0)vi
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v3

∂P

F = {f1, ..., fk} ∂P

∂P n(fj)

fj

v0 ∈ int(P )

v0 =
n�

i=1

λivi +
k�

j=1

γjn(fj),

G

G(v, v0) =

�
1

(2−d)Ad
�v − v0�2−d, d ≥ 3

1
2π log �v − v0� , d = 2

Ad Rd v0 ∈ int(P )

u(v0)

u

DBD
PUC-Rio - Certificação Digital Nº 0812248/CA



u(v0) =

�

∂P

�
u(v)

∂G(v, v0)

∂n(v)
−G(v, v0)

∂u(v)

∂n(v)

�
dv

n ∂P dv

∂P

u

v0 =

�

∂P

�
v
∂G(v, v0)

∂n(v)
−G(v, v0)

∂v

∂n(v)

�
dv

∂P

fj ∂P

n(v)

fj ∂v/∂n(v) = ∂v/∂n(fj) = n(fj)

v0 =
�

fj∈F

��

fj

v
∂G(v, v0)

∂n(v)
dv −

�

fj

G(v, v0)n(fj)dv

�
, v0 ∈ int(P )

v fj

v =
�d

l=1 ωlvl ω1, ...,ωd

v fj

v0 =
�

fj∈F

�

vl∈V (fj)

vl

�

fj

ωl(v)
∂G(v, v0)

∂n(v)
dv −

�

fj∈F

n(fj)

��

fj

G(v, v0)dv

�

V (fj) fj

v0 =
n�

i=1

λivi +
k�

j=1

γjn(fj), v0 ∈ int(P ),

λi γj

λi =

�

v∈N(vi)

ωi(v0)
∂G(v, v0)

∂n(v)
dv, i = 1, ..., n ,

γj = −
�

v∈fj
G(v, v0)dv, j = 1, ..., k ,

N(vi) vi
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{sj} , j = 1, ..., k

v0

∂P

v0 =
n�

i=1

λivi +
k�

j=1

γjsjn(fj).

Sj S �
j fj vj + n(fj)

f �
j v�j + sjn(f �

j) vj

fj f �
j sj

Sj S �
j

sj fj

∂P

sj

sj =

��f �
j

��
�fj�

.

sj =
�

σ2
1+σ2

2
2 σ1 σ2

fj f �
j

sj =

�
�u��2 �v�2 − 2 (u�v�) (uv) + �v��2 �u�2

√
8area (fj)

.

u v fj u� v�

f �
j
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