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3
The Problem

3.1
Some basic geometry

We present an abstract setup for a global Lyapunov-Schmidt decompo-
sition for the nonlinear operator to be defined in the next section.

Let X and Y be Banach spaces which are split as direct sums of horizontal
and vertical subspaces, X = W, ®Vy and Y = W, @ V... Here W and W, are
closed subspaces and £k = dim Vy = dim V;, < co. There are unique projections
Py : X - Wy and P, : Y — W, with kernels Vi and Vi respectively,
and complementary projections Q@ : X — Vi and @y =Y — Vi given by
Qx =1 — P, and Q, = I — Px. Sets of the form x + Wy (resp. y + W) or
x4+ Vy (resp. y+V; ) will be denoted by horizontal and vertical affine subspaces.
The height of a horizontal affine subspace v + Wy (resp. v + Wy ) is v € Vy
(resp. v € V4 ). In the definitions below, F'is a C'! operator from X to Y, not

necessarily linear.

Definition 1. A fiber through a point v € X is the set F~*(y + V), where
y = F(z).

That is, a fiber is the inverse image of a vertical line. Fibers were used
in [4] and [18] to provide very geometric proofs of results of Ambrosetti-Prodi
type. They were also considered in the study of first order periodic differential

equations in [14].

Definition 2. Given an arbitrary v € Vy, we define the projected restriction
operator F, : Wy — W, by F,(w) = PF(v+ w).

The working hypothesis on F is very stringent: we assume that F is a C*
map for which F, : Wy — W, is a diffeomorphism for any v. Thus, horizontal
affine subspaces are sent injectively by F' to their images, which are graphs of
functions from W, to Vi. For brevity, we then say that F'is flat. Clearly, the
definition depends on the decompositions of X and Y, but we will not mention
them in order to simplify notation. There is a global form of operators for which

F, is as above.
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Proposition 2. Let F : X — Y be flat. Then the function
@:X:Wy@VXHWX@VXa ®(Z7/U):((FU)_1(Z)’U>

is a C' diffeomorphism such that F = F o ® : X — Y becomes F(z,v) =
(z,¢(2,0)) for a C* function ¢ : Y — V.

Proof. We denote by 0,,F,, 0,F, the partial derivatives of the map (w,v) —
PF(w,v). Analyzing the diagram below,

F
(w,v) — (FU (’UJ),QyF(’w,’U))
ENN\ @ /' Pei=F

(Fo(w),v)

we see that ® = ¢4, ¢ = Qy F¢~ L. The function ¢ is one-to-one and onto and

its derivative, in block-matrix notation, is

OwFy(w) 0, F,(w)
0 I

Fl(w) 0,F,(w)

v

0 /

gl(wav) =

Applying the inverse function theorem (F is invertible and thus also £’), we

see that £ is a global diffeomorphism. O

Not only do fibers stretch out indefinitely, but they do so in a smooth

way.

Proposition 3. Let F : X — Y be flat. Then each fiber o is a C' surface of
dimension k = dim V., which intersects each horizontal affine subspace exactly
once, always transversally. The height map x — Qxx 1s a diffeomorphism

between o and V.

The fact that a and a horizontal affine subspace x+Wy meet transversally
at a point x means that X is a direct sum of the tangent space of o at x
and Wy. According to the proposition, the horizontal subspace parametrizes
(bijectively) the set of fibers, and the vertical subspace is a parametrization of
each fiber. Also, horizontal affine subspaces are sent injectively by F' to their
images, which are graphs of functions from W, to V4. On the other hand, fibers
are not taken injectively (nor subjectively!) to vertical subspaces necessarily.
In particular, the given hypothesis are not enough to imply the properness of
the map F/: X — Y.

Proof. We use the change of variables ®(z,v) = (F,'(z),v) defined in the

v

previous proposition. This map, from the domain of F to the domain of F,
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clearly takes cach vertical affine subspace in X to a fiber of F' diffeomorphically
and so that that heights are preserved. Every statement about fibers now

follows from its analogous counterpart for vertical affine subspaces in X. O
m

We now consider the effect of flatness on the linearizations.

Corollary 1. Let F' : X — Y be flat. The Jacobian F'(z) : X — Y is a
Fredholm operator of index zero at x € X. The restriction of F'(x) to Wy is
an isomorphism between Wy and its (closed) range, which is transversal to Vi .
If x. is a critical point of F' contained in the fiber o, then Ker(F'(x.)) C T, a.

Again, transversality here means that Y = F'(z)Wy & Vi

Proof. By flatness, the derivative P, F'(x) : Wy — W, is a linear isomorphism,
hence a Fredholm operator of index 0. Thus the map T": Wy ®Vy — W, &V,
given by T'(w,v) = (P, F'(x),0) is also Fredholm of index zero. The same is
true for F'(z) : X — H'(Q), since F'(z) — T is the finite range operator
w+v— QDF(x)w+ F'(x)V.

Transversality of F'(z)Wy and V; follows from the fact that F'(z) :
Wy — F'(z)Wy must be injective, with closed range.

At a critical point z. € «, use the transversality of the intersection of «
and (z.+Wy) proved in the previous proposition to split X = W ® T, «. Now
combine Y = F'(x)Wy @& Vi with the fact that F'(z) : Wy — F'(x)Wx is an
isomorphism and F'(z)T, .« C Vi to conclude that Ker(F'(z.)) C T,.a. [

3.2
The Nonlinear Operator

For this section we set X = H}(Q), Y = H '(Q). The corresponding
projections will be denoted P, Q,, P_,, Q_;. The norm used in H}(Q) will
be |u| = |ul, = <u,u>1%. Notice that this is equivalent to the full H' norm,
by Friedrich’s inequality. We will use often this result. For the expansion of
u € Hj () we use the notation u(z) = > u;pi(z), with u; = (u, ©;),/{©s, Pi):-
We have H}(Q) ~ H1(Q) via (a,-) = (u,-),, where we denote with a tilde
the functional induced by an element of H}(f2). From Hilbert space theory we

also know that

— 1
ul|_, = |ul|, and ﬂnH—>1&<:>unﬂu.
la] - = [ul

For a C! function f of bounded derivative, we define F': X — Y by

F(u) = —Au— f(u). (3-1)
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The Laplacian above is understood as the weak Laplacian, acting as u s (u, ),
and f(u) is the functional associated to the L*(Q) function
o)
fu) 2 7= (f(u), 2)o.

We wish now to split our spaces in direct sums of a certain finite-dimensional
space and its orthogonal complement. Denote the eigenvalues of —A
H}(Q) — H Q) by 0 < A\ < Ay < ... with corresponding eigenvectors
@;. The eigenvectors may be taken to be orthogonal functions (in the occa-
sional situation of multiplicity) and orthogonality holds simultaneously for all

considered Sobolev spaces.

Definition 3. A set J of indices is said to be complete if j € J whenever
)\z’:)\j and 1 € J.

That is, if a complete set includes an index of a multiple eigenvalue, then
it contains all indices associated with it.

For J a given finite complete set of indices, define the spaces V, =
Span{y;, j € J} and V., = Span{@;, j € J}. Since each space is closed

(they are finite-dimensional), we can split the whole spaces as
X=W, eV, Y=W_,®V, whee W,=V' W, =V,

Recall that the inner product in Y is (a,0)_, = (u,v),.

Proposition 4. The correspondence u < u is also a bijection between W, and

W_,. Moreover, W, ={w € X : Vo € V_;, (0,w) =0} and AW, = W_,.

Proof. This follows directly from (0, w) = (v, w), = (0,w)_,. and the fact that
(Aw,v)_, = (w,v), O

Definition 4. Given a complete set J, a C' function f : R — R interacts
with J if

1. the only eigenvalues A; in the image of f' are labeled by indices in J,
2. there are no eigenvalues in the boundary of the image of f'.

As in the abstract case, we define the orthogonal projection P_, : Y —
W_,, defined by (P_,u,w)_, = (u,w)_, = (u,w), for each w € W_,. For a given
v € V;, we define the restricted projection F, : W, — W_, by

F,(w)=P_,F(v+w), (3-2)
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Our next goal is to prove that if f interacts with a complete set J, then the
function F' is flat with respect to the decompositions induced by J. The first

step is the local version of this property.

Proposition 5. Let J = {l+1 < ... < r — 1} be a complete set and
f: R — R a C' function interacting with J, then the derivatives of the
restricted projection F, are uniformly bounded below.More precisely, there
exists C' > 0 such that

Vo eV, Vw e W, Yhe Wy, |F(w)h]_, > C|h|.. (3-3)
Also, all derivatives of F, are invertible.

This estimate, for the case J = {1}, i.e., when the nonlinearity f interacts
only with the first eigenvalue A, has been extensively used ([1], [4]). It is also
used in [9] in the case J = {1,...,r}.

Proof. From Proposition 1, each restricted projection F, : W, — W_, is C!
with derivative F)(w) : W, — W_, given by F!(w)h = —Ah — f'(w)h. Let
Ran f’ = [a,b], so that \; < a < A\jy1 and \,_; < b < \,.. Let h € W, be of unit
norm and let 2° be the functional (h°,-) = (h,-), and v = (a + b)/2. Adding

and subtracting yﬁo and setting u = w 4+ v we have

[Fo ()] = [P (=Ah = yh0) — Py (' (u)h — yh0)]
> |PL(=Ah = k)| = | PLu(f (w)h = AR,
> Al =Bl (3-4)

In what follows, we will write z for an arbitrary element of Hj (), and w for
one in W,. Let us start with a bound for |B|_,.

|B] -1 = sup (P, (f'(w)h —vh°), z) = sup (f'(u)h — yhe, w)

|zl=1 Jw|=1
= sup ((f'(u) = Mh,w)o < |f =7l sup (1Al [wl)o-
w|=1 wl=1
By Cauchy-Schwartz, the supremum above is realized when |w| is a scalar
multiple of |h|, which is achieved by w = ph. Since h is assumed unitary, p = 1

and7 deﬁning c= ”f/ - 7”00,
|Bl- < e (bl ) = chlf = Y _chilels = Y (c/bilelf (3-5)
i€J iZJ
We will use now the decomposition W, = W, @& W_. The spaces are given by

_={uu= ) queit, Wy ={u:u=3} . up} and are orthogonal
both in (,), and (,),.
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To estimate |A|_,, start with

||, = sup (P.,(=Ah —yh°), ) = sup (—Ah — yh°, w)

lzl=1 Jwl=1

= sup (<h7w>1 - 7<h7w>0) .

Jwl=1
Now we choose w = h, — h_ above, noting that it also has unit norm.
[l > (h by — by — y{h by — h_),

= ([ht; = AP ) + (V215 = 1h-[)
=Y B (el = eld) + Y i Gleils = leil?)

i>r i<l
= (A=Al + ) (v/ X — DRl
>r i<l

That the coefficients above are all positive follows from the completeness of
the set J. We have then

HA”—l > Z 11— /Al h12|%’? = Z(Cz/)\z)hzz‘%ﬁ (3-6)
igJ i¢J

Combining equations (3-4), (3-5) and (3-6) we get

[Ey ()bl =) (Ci = o) /N bl ail}
iZJ

. N 2.2
> (1%5(01 C)/)\z) th’%h

iaJ
e 1 p— . 2
_ (g} (Ci — ) /)\Z) 1035
= OJhf2 =

which establishes (3-3), since C' > min{l — b/A\.;1,a/N-1 — 1} > 0. In
particular, the derivative of F,(w) is always injective. To prove invertibility,

we write

F!(w)h=P_, 0o F'(v+w)orh,

where ¢ denotes the inclusion from W, into H}(Q) and notice that the
composition of these three Fredholm operators is also Fredholm, with index

given by the sum of the individual indices, namely, zero.
O

The following result is a global inversion theorem, first obtained by

Hadamard in the finite-dimensional case [3].
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Lemma 1. Let ® : X — Y be a C* map between Banach spaces X and 'Y
such that ®'(u) is invertible for each w. Suppose there exists C' > 0 such that

Vu,h, [ (w)h| = C|h]. (3-7)
Then ® is a global C*-diffeomorphism.

Theorem 1. Let J be a complete set and f : R — R be a C' function
interacting with J. Then each restricted projection F, : W, — W_, is a C*
diffeomorphism. Thus F : H}(Q) — H1(Q) is flat.

Proof. Simply combine Proposition 5 and the lemma above. O

In the case where f does not interact with the spectrum, the full operator
is a diffeomorphism. This result was fully obtained by [11], after an initial
version of it by [12], and follows from a simple adaptation of the proof of the
above theorem.

When f interacts with a set J containing a single element j, then only

the j-th eigenvalue of the Jacobian F’ may become zero.

Proposition 6. If f € C', f/(R) = [a,b], with \j_1 < a < A\ < b < M\py1 and
ue s a critical point of F, then the only zero eigenvalue of F'(u.) is the k-th

one. In particular, it is simple.

An analogous result holds for a general complete set J: the only zero

eigenvalues of I are labelled by indices in J.

Proof. By the Fredholm property, we must have a nonzero & with F”(u.)¢ =
—A&—f'(u.)§ = 0. In other words, 1 is an eigenvalue of the generalized problem
—Au = pf'(u.)u, which we write as p;(f"(u.)) = 1 for some j. An application

of a comparison theorem yields then
A1 < f(we) < Megr = (A1) > 5 (f'(ue)) > g5 (Argr), (3-8)
or, since y;(A) = A\;/A for constant A,
N/ Ak—1 > 1> X/ A1 = o1 <Ay < A1 = j =k (3-9)
O

The bound in Proposition 5 allows to make precise the idea that fibers
are uniformly steep and images under F' of horizontal affine subspaces are

uniformly flat.

Proposition 7. Let J be a complete set of indices with |J| = k and f :
R — R a C! function interacting with J. Let u(t) = w(t) + 3., tj p; be a
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parametrization of a fiber o, where t = (ty,...,t;) € R* and w(t) € W,. Then

there exists a positive constant C', independent of t, such that

[Viw®)] < C Y il

jeJ
In particular, there exist positive constants A, B, independent of t, such that

[w(@®)], < A+ Blt].

Let W, € H7YQ) be the image under F of an horizontal affine subspace
u+ Wy, passing by u € H} (). Then the angle between a vector in the tangent
space TpyW, at a point F(u) € W, and its orthogonal projection in W_, is
uniformly bounded above by a constant less then w/2 for all u € HJ ().

Proof. Fibers are inverses under F of vertical affine subspaces in H~*(£2). Thus

PF(u(t)) = const. and, taking derivatives,
(PF)(u(t)) 0yu(t) = PF'(u(t)) o,u(t) = 0. (3-10)

Write u(t) = w(t) + v(t) and expand v(t) = >, ;t;¢;, so that Ju(t) =
O w(t) + ;. For h € Wy, we have PF'(u(t))h = F,(w(t))h and thus, setting
h = atj’U)(t),

Fi(w(®)d,w(t) = PF/w(®)dw(t) = —PF (u(t)g;.
Using first the lower bound (3-3) and then the boundedness of F”,

Cil0yw(®)], < [F(w(t)0w(t)] -y = [PF (u(t))e;]-1 < Callgsls,

for some positive constant Co. Thus [Viw(t)[, < C ) ., |ejli. A bound of
the form |w(t)|, < A+ B|t| is now immediate.

To see that the tangent space T, W, is bounded away from the vertical
subspace, consider the sequence of simple estimates

Cilhl, < |PF'(u)h]-, < [F'(w)h]-, < Cs|R],

The cosine between a vector F'(u)h € Tr@wyW, and the horizontal subspace
W_, is given by the quotient |PF'(u)h|_,/|F'(u)h|_,, which is bounded from
below by 01/03. ]

The result may be interpreted as a source of stability for the numerics
described in the next sections. We indicate a first application immediately.
From Theorem 1, the function F' : V;, & W, — V_, & W_, admits a global
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Lyapunov-Schmidt decomposition, where V; is generated by the eigenvectors
©jJ € J.

When performing numerics, however, we do not work with ¢; — indeed,
a general domain {2 does not allow for a formula for the eigenvectors. Even
when this happens, as for rectangles, we must still consider the fact that the
computations are performed on a finite dimensional subspace. In our case (see
Section 4.2), we are using finite elements of the standard type P, generating
an approximation X to the domain H}(2) and counter-domain H~*(€2). Since
¢; € X, we have to consider approximations ¢;" € X,.

An e-tilted Lyapunov-Schmidt decomposition of F' is a pair of splittings
F:Vi®Wyx — Vy® Wy, for which F' admits a global Lyapunov-Schmidt
decomposition and the four subspaces \N/X, WX, ‘N/y and Wy are e-close to their
untilted counterparts. Here, one may take the distance between two subspaces

as the maximal angle between them.

Corollary 2. For e sufficiently small and subspaces Vi, Wx, Vy and Wy
e-close to their untilted counterparts, the splittings I : f/X ® WX — f/y &5 Wy
induce a tilted Lyapunov-Schmidt decomposition of F'.

Proof. This is an immediate consequence of the above proposition. O

The results in this section considered the nonlinear operator F' as ac-
ting between H}(Q) and H!(Q). Analogous results (stable global Lyapunov-
Schmidt decomposition, boundedness and coercivity estimates, uniform flat-

ness and steepness) also hold for F': H? — L.
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