
 ! "#$&''$ ()'*$ +& ,$-'.#/01$ !"#$%&'! ($)%$ +,-%./! 0 ($1!2)%3+3 + ,3!,!)&45! 6789 +/01 ($ ($:2&3!"#$%!) $ ,3!'+3 ;+%!) <.$ )$35! 3$/$'+2%$) ,+3+ + !2)%3.45! (! ,3=>&1!+,-%./!7 ?3&1$&3!9 (.+) ($:2&4@$)A !"#$%&' ()*  !"# α : [0, 1] → R
2 $%# $'(# )*+!'!,*-(!. ! X : R2 → R

2$% #%/0 )! )*'!12!34 α 5 )*6# 6#,7!,6! # X !% 60)0 /0,60 3! α′(t) ‖ X(α(t))/#'# 60)0 t ∈ [0, 1]4B<.& 0 2$$))C3&! +(1&%&3 + ,!))&"&/&(+($ ($ α′(t) = 0 $1 .1 !2#.2%!:2&%! ($ t′)7 D))! ,$31&%$ <.$ 2=) ;+4+1!) !1,/$%! .)! (+ (&;$3$24+ $2%3$+1,!) ($ (&3$4@$) $ +1,!) ($ '$%!3$)9 ,!&) + .3'+ ,!($ ,+3+3 $ '!/%+3 2!)$2%&(! !2%3C3&!7 !"#$%&' ()( +,-./0 1! 2!0#'3 8%# $'(# γ : [0, 1] → R
2 5 )*6# .3'+($ ?$+2! 3! γ([0, 1]) 6!% *,6!'*0' ,90:(#;*042.'4'5$%&' ()6 <=*36! $%# $'(# γ : [0, 1]→ R

2 ! !=*36! $% #%/0 0,6>,$0)! )*'!12!3 X !% R
2 6#. ?$! 6#. ?$! γ 5 $'(# )! @!#,0 ! γ 5 .*%*6! $,*+0'%!)! $'(#3 C∞ γn 6#,7!,6!3 #0 #%/0 !% #)# /0,604 !"#$%& ' &$%& (%)*+,-'& !"#$%&' ()7  !"#% f, g : [a, b]→ R +$,12!3 C∞ 3#6*3+#;!,)0AB4 f ! g 6C% 0,6#60 )! 0')!% *,D,*6# !% a ! bE *360 5E f (i)(a) =

g(i)(a), f (i)(b) = g(i)(b), ∀i ∈ NF4 f(x) ≤ g(x)E ∀x ∈ [a, b]G '!7*90 L = L(f, g) = {(x, y)|x ∈ [a, b], f(x) ≤ y ≤ g(x)} 5 H#%#)#/.+4B) /.+) !1 +) <.+&) 2=) %3+"+/E+3$1!) )$35! )$1,3$ ($:2&(+) $1 [0, 1]7F+&) +/G.1+) ($:2&4@$) )5! !2'$2&$2%$)A
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !

"#$%&' !( ) *%' +,-#' /' 012+&%340 !"#$%&' ()*  !"! #$! %#! L = L(f, g)& '()*+$,- , -(# -#.,"/( ,$,
SL = {x ∈ [a, b]|f(x) < g(x)}1 2%3$ '+--,& L 3 '+/! !4("/! -( SL 3 #$+*/("5!%,15 +61#'761+6 01861#61+6 +6&702 9%6 ' :%' ; /6<1#/' 67 [0, 1]( =0 61+'1+0>' 7'#0&#' /'2 :%'2 07 '2 9%'#2 1?2 #&6702 +&'@':A'& +67 #1+6&8':02 67 9%6
f = g> 070 #:%2+&' ' "#$%&' !( ( B02+'&,'702 /6 -612'& 9%6 ' :%' /6 C'+0 62+D/6<1#/' 67 26% 2%-0&+6> #/6#' 62+' 9%6 26&D '-+%&'/' 7'#2 +'&/6 1' E6<1#340!( F(+',-%&' .  !"! #$! 6#*78, C∞ F : [a, b]→ R& '(*,/!$,-

||F ||0 = sup
x∈[a,b]

|F (x)| ( ||F ||k = max
(

||F ||0, ||F
′||0, . . . , ||F

(k)||0
)

, k ∈ N !"! L = L(f, g)& '()*+$,- ‖L‖k = ‖g − f‖k1"#G6702 φ : R → [0, 1] %7' C%1340 C∞ +': 9%6 φ−1(0) =

(−∞, 1/3], φ−1(1) = [2/3,+∞)(E6<1#702 -'&' a < b

φa,b(x) = φ

(

x− a

b− a

)5 :'&0 9%6 φ0,1 = φ> 6 φ−1a,b(0) =
(

−∞, 2a+b
3

]

, φ−1a,b(1) =
[

a+2b
3
,+∞

)( =0+6+'7@;7 9%6
sup
x∈R

|φ
(k)
a,b(x)| = sup

x∈[a,b]

|φ
(k)
a,b(x)|,
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"#$# %#&'(#) &'*+,- ‖φa,b‖k &. (.+',-. /)/." #+),&'-.+&# φ -')1-,1. . [a, b]2 !"# $  !"!
φ
(k)
a,b(x) =

1

(b− a)k
· φ(k)

(

x− a

b− a

)

,#$"!% &'$
‖φa,b‖k = max

i≤k

‖φ(i)‖0
(b− a)i%&'()*+! ,-. ($)* L = L(f, g) '"* +'* *,$-#* .$/01.* $" [0, 1] !" %'3!-#$

SL = (a, b)4 5$/0* h(x) = (1−φa,b(x))g(x)+φa,b(x)f(x).  +*-*"$0#$ h 6 C∞$ L1 = L(f, h) $ L2 = L(h, g) %7! +'*% *,$-#*% .$/01.*% $" [0, 1]4 L = L1 ∪L26 8*"*.* * 3,%.-1,45# .$ L4/&0# ,-1 9!.$"!% !,%$-:*- &'$ *% +'*% L1 $ L2 ;$-*.*% 0* ,13*-#1<7! .$ L#=" "*1% .'*% 3-!3-1$.*.$% 1"3!-#*0#$%>?4 SL1
=

(

a, a+2b
3

)

, SL2
=

(

2a+b
3
, b
)@4 max(‖L1‖k, ‖L2‖k) ≤ 2k‖φa,b‖k‖L‖kA ∀k ∈ N49-!:*2 6 ,1'( 7 8 )'$/' &,-'1.('+1' &. #+)1-/45#29.-. # ,1'( 7:8; +#1' </' &.&# k ∈ N;

h(k)(x) = g(k)(x) +

k
∑

i=0

(

k

i

)

φ
(k−i)
a,b (x)(f − g)(i)(x)9#-1.+1#

||h(k) − g(k)||0 ≤ 2k||φa,b||k||f − g||k' .)),(
||L2||k ≤ max

i≤k
(2i||φa,b||i||L||i) = 2k||φa,b||k||L||k=. (')(. >#-(.; /(. ?'@ </' h− f = (1− φa,b)(g − f) 1'(#) </'

||h(k) − f (k)||0 ≤ 2k||1− φa,b||k||g − f ||kA#(# ||1− φa,b||k = ||φa,b||k; . %-#?. ')1B #(%"'1.2
�%&'()*+! ,-2 ($)* L = L(f, g) '"* +'* *,$-#* .$ %'3!-#$ SLA $ n ∈ N49*-* i = 0, 1, . . . , n .$/0* hi = (

1− i
n

)

f + i
n
g4 B0#7! 3*-* i = 0, . . . , n − 1A

Li = L(hi, hi+1) 6 '"* +'* *,$-#* .$ %'3!-#$ SL $
L = L0 ∪ L1 ∪ . . . ∪ Ln−1
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  ! "#$#%& & n'(#)*#$+,)& %+ L- !"# $%& .#%& /$ n'(#)*#$+,)& L = L0 ∪ . . . ∪ Ln−10 1#2+ ∀i, ∀k3
‖Li‖k ≤

1

n
‖L‖k45&1#"#$%$

|h
(k)
i+1(x)− h

(k)
i (x)| =

1

n
|g(k)(x)− f (k)(x)|,&'%$(

||hi+1 − hi||k ≤
1

n
‖L‖k

� ! "#$%&'() *+ ,+-./&+ *# /0+1#$%')*%$( $% ,%* -,* *.'/&* L 0'1230* '% [0, 1] ' $% (,4$/&'
SL = (0, 1)" 536' &*%.7% ,%* ('8,923* {ǫk}k≥2 ($%:;'-"< =($->* n1 (,13'2&'%'2&' ?/*20' 4*/* 8,' *( -,*( ?'/*0*( 0$ n1@A*&3*%'2&$ 0' LB L = L∗0 ∪ . . . ∪ L

∗
(n1−1)

(*&3(A*)*%
‖L∗i ‖2 <

ǫ2
4‖φ0,1‖2

, i = 0, . . . , n1 − 1< C*/* *0* i ∈ {0, . . . , n1 − 1}B ('D* L∗i = L(2i) ∪ L(2i+1) * .34*/&3)E$ 0'
L∗i "< F' Li = L(fi, gi) ' m1 = 2n1 '2&E$ ;*-'%G "

f0 = f, g(m1−1) = g, f(i+1) = giH" C'-$ I'%* H"JB
||Li||2 < ǫ2, 0 ≤ i ≤ m1 − 1< K?$/* $ 4*(($ 320,&3;$" F,4$2>* 8,' 2L( &'%$( m1, m2, . . . , ml−1 '4*/* *0* ω = i1i2 . . . il−1 $% 0 ≤ ij ≤ mj − 1 '(&: 0'1230* * -,*

Lω = L(fω, gω)B 0' (,4$/&' (a, b)" =($->* nω (,13'2&'%'2&' ?/*20' 4*/*8,' *( -,*( ?'/*0*( 2$ nω@A*&3*%'2&$ 0' LωB Lω = L∗ω0 ∪ . . . ∪ L
∗
ω(nω−1)(*&3(A*)*%
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !

 ! "#$% &'# ()*#+,#-#  ! ".$% /012,3 .,1#4+,-#

 ! "$% 6 78'4# #9+04,24 :  )*#+,#-#  ! "-$% ; <#,3 '<# =0> .,1#4+,-#"#$%&' ()(* +,-./01 .123&'451 51#2 /'2212 #45%3#612 78'3#'.-431 2-$%#51 5-9#/'&3#:;1<
‖L∗ωi‖l+1 <

ǫl+1

2l+1‖φa,b‖l+1
, i = 0, . . . , nω − 1= >-?4' nl = max{nω : ω = i1i2 . . . il−1, 0 ≤ ij ≤ mj − 1} @0'&'.-43-'2 0%'2 $-&'5'2 41 nlA8'3#'.-431 5- '5' Lω 143#4%'. 2'3#28'C-451 '5-2#$%'05'5- '#.')= D'&' '5' i ∈ {0, . . . , nl− 1}E 2-F' L∗ωi = Lω(2i) ∪Lω(2i+1) ' 9#/'&3#:;1 5-

L∗ωi)= G- Lωi = L(fωi, gωi) - ml = 2nl -43;1 6'0-.* )
fω0 = fω, gω(ml−1) = gω, fω(i+1) = gωi
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"# $%&' (%)* "#+,
||Lωi||l+1 < ǫl+1, 0 ≤ i ≤ m1 − 1 !"#$%&' ()*+  !"#$%&'

Ω = {ω = i1i2 . . . in|ij ∈ {0, 1, . . . , mj − 1}, j = 1 . . . n},& &#)*#+& ,-' .-/-01-' "#$+-' 2*! 03& $#,!4-1 -,- /*- 2*! -.-1!! #-&#'+1*53&6 ! Ω∗ = {ω = i1 . . . in ∈ Ω|in < mn − 1}78 ')./0)%12' ,- .-/-01- ω = i1i2 . . . in 9 |ω| = n7:/9% ,$''&6 ,-,& ω = i1 . . . in ∈ Ω∗ ,!"#$%&' & '!* '*!''&1 ω+ ∈ Ω&%& ω+ = i1 . . . in−1(in + 1)73440), * *5* .*&*6/* 7102* ω ∈ Ω *44'0*)'4 * &8* Lω 5%7105* 1*'142/89:'# 3&;) 5044', 1' .*44' 0158206' 7* &*/' <8% 4% |ω| = l %12:'
‖Lω‖l+1 < ǫl+1= &%)* * 4%>80/ >*/*12% )*04 8)* ./'./0%5*5% 5* '142/89:'?,!-. ()** ;! f ′′(x), g′′(x) < −α < 0 ! SL = (a, b)6 9 .&''<0!/ =->!1 -&#'+1*53& -$%- %-#+!#,& f ′′ω(x), g′′ω(x) < −α6 .-1- +&,& ω = i1 . . . ik ∈ Ω7?1&0-# @*42* )'42/*/ <8% %44* ./'./0%5*5% .'5% 4%/ )*1205* 1' ./0)%0/' .*44',8)* 6%A <8% 2'5'4 '4 '82/'4 .*44'4 4:' 50604B%4 05C120*4 5*4 &8*4 )%1'/%4#D% L = L(f, g) 'E2%)'4 8)* n1F.*/209:' L∗i = L(hi, hi+1) ') ||L∗i ||2 <

δ */E02/*/0*)%12% .%<8%1' G1'4 .*44'4 4%>8012%4 %44* *7/)*9:' .%/)*1%%6%/5*5%, 8)* 6%A <8% ‖.‖2 ≤ ‖.‖kH# 3&;) 5044', .%&* '142/89:' ; IJ0& 6%/ <8%
h′′i (x) < −α Ghi ; ')E01*9:' '16%K* 5% f % gHL) 4%>805* *5* L∗i ; E0.*/205* %) L2i % L2i+1, ')

‖L2i‖2, ‖L2i+1‖2 ≤ 4‖φa,b‖2‖L
∗
i ‖2 < 4δ‖φa,b‖2,.'/2*12' )*12%15' * 1'2*9:' Li = L(fi, gi)?

‖g′′i − f ′′i ‖0 ≤ ‖Li‖2 < 4δ‖φa,b‖2M')' 8) 5'4 5'04, f ′′i '8 g′′i , ; 0>8*& * 8) 5'4 h′′j < −α, 4%>8% <8% ;.'44N6%& I*A%/ δ 4870%12%)%12% .%<8%1' .*/* <8% ' '82/' .%/)*1%9* )%1'/<8% −α# �
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !
"#$%&' ()*+ ,-%./&'012 3' 25./&%012 36 K !"#$%&'()*+$ ,$ $%.)%'$ ,/ #0%'$( K7'82. '$2&' 25./&%#& %8 259%5/2 36 :'5/2& K '..2#'32 '2 259%5/2

Ω+ ;6<5#&682. ='8>-#'. 36 #5/6&?'-2. {Jω}ω∈Ω, {Gω}ω∈Ω∗ /'#. @%6 Jω, Gω ⊂

[0, 1]A .6532 2. JωB. =6C'32. 6 2. GωB. 'D6&/2.) E 36<5#012 F G2& #53%012 68
|ω|+H I. #5/6&?'-2. J0, G0, J1, G1, . . . , Jm1−2, Gm1−2, Jm1−1 /J8 2 86.82 28KG&#865/2A .12 3#.9%5/2.A .6 .%6368 5' 2&368 '#8'A 6 .%' %5#12 F 2#5/6&?'-2 [0, 1])H L'&' '3' G'-'?&' ω ∈ Ω 28 28G&#865/2 n − 1 ≥ 1A 2. #5/6&?'-2.

Jω0, Gω0, Jω1, Gω1, . . . , Gω(mn−2), Jω(mn−1) /J8 2 86.82 28G&#865/2A .123#.9%5/2.A 2&365'32. 282 '#8'A 6 .%' %5#12 F 2 #5/6&?'-2 Jω.M69'
K =

⋂

n∈N

⋃

ω∈Ω;|ω|=n

JωN5/12 K F %8 259%5/2 36 :'5/2&A 6 [0, 1]\K =
⋃

ω∈Ω∗ Gω)O%6&682. G65.'& 52. Gω 282 P$'G.QA 282 #-%./&' ' "#$%&' ()*) I.65/#32 G&#5#G'- 3' 25./&%012 36./6 259%5/2 36 :'5/2& F 2 .6$%#5/6+ ' %&?'@%6 ?'82. 25./&%#& ?'# G6&2&&6&A 52 #5/6&?'-2 JωA /23' ' -%' 6..65#'- 36
Lω R?6& ;6<5#012 () ST) U2 65/'5/2A @%'.6 .68G&6 2 G25/2 <5'- 36 %8' -%'6..65#'- 512 F 2 G25/2 #5##'- 3' .6$%#5/6A -2$2 %.'82. 2 #5/6&?'-2 Gω G'&''53'& 32 <5'- 36 %8' -%' G'&' 2 #5>#2 3' G&VW#8') !12/3%4*+$ ,0 5067840 ,/ 5)%*9/&:'/'$"#W'32 t ∈ K 6W#./6 %8' X5#' G'-'?&' #5<5#/' i1i2 . . . /'- @%6 t ∈

Ji1...in , ∀n ≥ 1) M69' ωn = i1 . . . in) O%6&682. 36<5#&
Ft = lim

n→∞
fωn

= lim
n→∞

gωn
.
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"#$%&'(#$ ) *)+,-)-' -)$ #/*'&01/,)$ ' ,02)+-)-'$ ),()3 4#& #/$5%&267#8
‖gωn

− fωn
‖n+1 = ‖Lωn

‖n+1 < ǫn+19$%)(#$ /) '%):) n -) -,*,$7#8 ' ;2'&'(#$ #+<)& :)&) ) '%):) $'02,/%'3= +2) Lωn
> -,*,-,-) '( Lωn0, . . . , Lωn(mn+1−1)8 $'/-# ;2' Lωn(2i) ∪ Lωn(2i+1) >2() +2) -# ?)%,)('/%#3 @#%' %)(A>( ;2' fωn

= fωn03 B#0#
‖fωn+1

− fωn
‖n+1 = ‖fωnin+1

− fωn0‖n+1C D' in+1 > :)&8 '/%7# fωnin+1
*',# -# ?)%,)('/%#8 :#&%)/%# > 2() #(A,/)567# #/*'E) -' fωn

' gωn
' )$$,( ‖fωnin+1

− fωn0‖n+1 ≤ ‖Lωn
‖n+1 < ǫn+1C D' > F(:)&8

‖fωnin+1
− fωn0‖n+1 ≤ ‖fωnin+1

− fωn(in+1−1)‖n+1 + ‖fωn(in+1−1) − fωn0‖n+1

< ‖Lωn(in+1−1)‖n+1 + ǫn+1

≤ ‖Lωn(in+1−1)‖n+2 + ǫn+1

< ǫn+2 + ǫn+19( ;2)+;2'& )$#8 ‖fωn+1
− fωn

‖n+1 < ǫn+2 + ǫn+13"),$ 0'&)+('/%'8 $' m > n %'(#$ ;2'
‖fωm

− fωn
‖n+1 ≤

m−1
∑

j=n

‖fωj+1
− fωj

‖n+1

≤
m−1
∑

j=n

‖fωj+1
− fωj

‖j+1 < 2
m
∑

j=n

ǫj+19( :)&%,2+)&8 -)-# k ;2)+;2'& ' +'(A&)/-# ;2' k ≤ N ⇒ ‖.‖k ≤ ‖.‖N 8 %'(#$;2'
‖fωm

− fωn
‖k < 2

∞
∑

j=n

ǫj+1, ∀n ≥ k GH5 IJ#(# ǫj > $';21/,) $#(K*'+8 fωn
' gωn

$7# $';21/,)$ -' J)2<L '( Ck34#&%)/%# 'E,$%' lim fωn
= lim gωn

=: Ft8 ;2' > C∞ GMK ;2' > Ck :)&) %#-# kI' $)%,$?)N lim f
(k)
ωn = lim g

(k)
ωn = F

(k)
t 3 @#%' ),/-) ;2' t ≤ s⇒ Ft ≤ Fs G-'#&&'-# ?)%# -' ;2' fω+ = gω8 +#0# fω ' gω &'$'( O +'E,#0&)P)('/%' Q '( ωI3 !"# $%&$  !"! !$! k% ! !&'(!)*+ t ∈ K 7→ Ft ∈ C

k , +-./-0!1
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  ! !"#$" #$%& ε > 0" '(*+,& n > k -&+ ./$
4

∞
∑

j=n

ǫn+1 < ε.#$ δn 0 * -&1&2,* 3$ Jω 4&5& |ω| = n6 -$1*( ./$ s, t ∈ K $ |s− t| < δn714+7&1 ./$ s, t ∈ Jω6 4&5& &+8/1 ω 3$ -&1&2,* n" 9*5-&2-*6 Fs $ Ft (:*+717-$( 3$ ($./;27&( /%* -$51* 3$ <-&1&2,*= n 0 fω" >&?$23* m → ∞ 2&$./&@:* ABC D6 -$1*( ./$
‖Fs − fω‖k ≤ 2

∞
∑

j=n

ǫj+1, ‖Ft − fω‖k ≤ 2

∞
∑

j=n

ǫj+1.E((716
|s− t| < δn ⇒ ‖Fs − Ft‖k ≤ ‖Fs − fω‖k + ‖fω − Ft‖k

≤ 4

∞
∑

j=n

ǫj+1 < ε,*14+$-&23* & 45*F&"
�G&1*( &8*5& $(-$23$5 $((& H/2@:* 4&5& -*3* * 72-$5F&+* [0, 1]" I$ H&-*6J&(-& $(-$23$5 4&5& &3& Gω = (β, α)6 $1 ./$ α, β ∈ K"

Fβ = lim
n→∞

fω(mk−1)...(mn−1), $1 ./$ k − 1 = |ω|K*1*
lim
n→∞

fω(mk−1)...(mn−1) = lim
n→∞

gω(mk−1)...(mn−1) = lim
n→∞

fω+0...0 = Fα,-$1*( Fβ = Fα $ 4*3$1*( 3$L275 Ft = Fβ 4&5& -*3* t ∈ Gω"E $M-$2(:* 0 +&5&1$2-$ *2-N2/&O 4&5& t /∈ K, & H/2@:* 0 *2(-&2-$2/1& F7?72,&2@& 3$ tP 4&5& t ∈ K6 LM* ε > 0 J&(-& -*1&5 * 1$(1* δ = δn 3*Q$1& B" B6 %R ./$ $1 /1 72-$5F&+* ./&+./$5 2:* ($ 57&1 2*F&( 71&8$2( A4*5*2(-5/@:*D" !"#$%&'()* +* -./* +$ +'0$(1$29&5& x ∈ [0, 1], f(x) ≤ y ≤ g(x) ($%& t -&+ ./$ Ft(x) = y" I$L2&
ψ(x, y) = F ′t (x)"

DBD
PUC-Rio - Certificação Digital Nº 0912353/CA



 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  ! !"# $%&' ψ(x, y)  !"# $!%&'( )*" +*,%-+# * (%/0%!# *" L = {(x, y)|x ∈

[0, 1], f(x) ≤ y ≤ g(x)}123(4#" #$%$ &'% ()' * +', -'./0-$1 2'3$, (x, y) ∈ L ' t1 ≤ t2 4$02 ()'
y = Ft1(x) = Ft2(x)" 56,6 Ft2 − Ft1 ≥ 01 2'7)' ()' x * ), ,8/0,6 96$9 -'
Ft2 − Ft1 ' ;6%4$/46 F ′t2(x) = F ′t1(x)"#$%$ $ 6/40/)0-$-'1 2);6/<$ ()' (xn, yn) → (x, y)1 46-62 ', A" =,;$%40)9$% yn = Ftn(xn)→ y = Ft(x)"#$22',62 $ ),$ 2)+2'()>/0$ 6/&'%7'/4' -' {tn}1 t∗n → t∗" #'96 9',$ "? 1 s 7→ Fs * 6/48/)$ ', Ck1 9676 Ft∗n → Ft∗ , F

′
t∗n
→ F ′t∗ " @220,1

|Ft∗n(xn)− Ft∗(x)| ≤ |Ft∗n(xn)− Ft∗(xn)|+ |Ft∗(xn)− Ft∗(x)| → 0,9676 Ft∗n(xn) → Ft∗(x)1 ' 6,6 yn → y &$9' Ft(x) = Ft∗(x) 56,6 ψ * +',-'./0-$ &$9' 4$,+*, F ′t∗(x) = F ′t (x)1 ;6%4$/46 ), $%7),'/46 20,09$% ,624%$()' F ′t∗n(xn)→ F ′t (x)"A' F ′tn(xn) 6→ F ′t (x)1 '/4B6 'C024' ),$ 2)+2'()>/0$ {t∗n} -' {tn} 4$9()' |F ′t∗n(xn) − F ′t (x)| ≥ ε > 0" #$22$/-6 $ ),$ 2)+2'()>/0$ 6/&'%7'/4'-' t∗n D()' ', ;$%40)9$% * 2)+2'()>/0$ 6/&'%7'/4' -' tnE1 0226 6/4%$-0F 6%'2)94$-6 6+40-6 /6 ;$%G7%$H6 $/4'%06%"#6%4$/46 F ′tn(xn)→ F ′t (x)1 0'1 ψ(xn, yn)→ ψ(x, y)" � !"#$%&'()* +, -$./0&', +$ /23,-@ 0-*0$ $76%$ * 6/2'7)0% ),$ 2'()>/0$ -' )%&$2 γn ', R
2 4$/7'/4'2$6 $,;6 -' -0%'IJ'2 6/48/)6 (1, ψ(x, y))1 ' ()' 6/&'%7', $ ),$ )%&$ -'#'$/6 γ"#$%$ 02261 &694$,62 K -0&02B6 -$ 9)$" L,$ &'F ()'1 ;$%$ $-$ n .C$-6&$9'

⋃

|ω|=n

Lω = L,;6-',62 ;'/2$% /'22$2 Lω 6,6 '24$/-6 /), ,'2,6 -'2'/<6 -' L 6,M6%4'2 $-006/$02N D$-$ n 7$/<$ 2') ;%O;%06 -'2'/<61 ' γn &$0 2'% ),$)%&$ /'22' -'2'/<6E" @ 0,$7', -' γn '24G 6/40-$ ', ⋃

|ω|=n Fr(Lω)1 ' .$;%67%'220&$,'/4' ,$02 -'/2$ ', L"#$%$ H$0904$% $ 6/24%)IB61 '2%'&',62 SLω
= (a(ω), b(ω))" @220,1 /6'0C6Px -$ Q07)%$  "R <G ()$4%6 ;6/462 0,;6%4$/4'2S

a = a(0) = a(2) = a(4), b = b(1) = b(3) = b(5),
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !

"#$%&' %()*&(,(-./
L0 L1

L2 L3

L4 L5

01'2%&  345 6*2/.%&789 (/:2(,;.1& <& 2%=& γ13
a(1) = a(3) = a(5) =

2a+ b

3
, b(0) = b(2) = b(4) =

a+ 2b

3
,( <( $&.9 1//9 > 2, &/9 '(%&* ?-9=9/ )9-.9/ <( /2)9%.( /@ /89 '(%&<9/ -&A1)&%.1789B (-.89 (//( =&1 /(% 9 (/:2(,& /(,)%( :2( 2,& *2& Lω $9% $&.1&<& ((, /('21<& A1)&%.1<&C3"&%& & 9-/.%2789 <& 2%=&B )%(1/&%(,9/ <( 2,& $2-789 &2D1*1&%3 E&<92, 1-.(%=&*9 $(F&<9 I ⊂ R ( a 6= b /(G& ψI(·, a, b) : I → R ,9-@.9-&B C∞ .&*:2( /( I = [α, β]5!3 ψI(·, a, b) .(, <(%1=&<& <( .9<&/ &/ 9%<(-/ 1'2&* & 0 (, α ( β3 3 ψI(α, a, b) = a, ψI(β, a, b) = b3H*>, <1//9B <&<& 2,& $2-789 :2&*:2(% h : I → R <(I-1,9/ ĥ : I → R

2 :

t→ (t, h(t))3E(I-1,9/ )&%& i = 0, . . . , m1 − 1 :

γ1(t) =

{

f̂i (ψJi(t, a(i), b(i))) , t ∈ Ji

ĝi (ψGi
(t, b(i), a(i+ 1))) , t ∈ Gi, i < m1 − 1H (D)%(//89 &1,& )(%9%%( & *2& -& ,&-(1%& 1-<1&<& )(*& 01'2%&  343
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%   ! "#$%&"'()*#&*+ $($( γn−1 -#.&/%0)-. γn 1(2*#$- γn = γn−1 *)
⋃

ω∈Ω∗,|ω|<nGω * $*3#"#$- 4(/( ($( ω $* -)4/")*#&- n5
γn(t) =

{

f̂ω
(

ψJω ,a(ω),b(ω)(t)
)

, t ∈ Jω

ĝω
(

ψGω ,b(ω),a(ω+)(t)
)

, t ∈ Gω, ω ∈ Ω∗6(/( t /∈ K+ 7 8(/- 9%* γn(t) → γ(t)+ :; 9%* 3( -#.&(#&* ( 4(/&"/ $*%) */&- 4-#&-< 6(/( t ∈ K+ '()-. 4/*".(/ $* %) 8*)(< !"#$%&' ()*+  !"# L = L(f, g) $%# &$# #'!()#* + 8%( *..*#"(8 ,! L -
Less = int(L). / 0!2/ ,/ 34)!(3/( ,! L* +&)!(4#)35#%!4)!. 6/,!%/7 $7#( #4/)#89/ Less(f, g) 6#(# 34,3#( # &$# !77!43#& ,# &$# 0/(%#,# 6/( f ! g*,!-. ()*/  !"# L = L(f, g) $%# &$# #'!()# /% 7$6/()! SL = (a, b), |SL| =

b− a* :4)9/ / ,3;%!)(/ D ,! Less 7#)370#< D2 ≤ |SL|
2 + (‖L‖0 + |SL| · ‖f‖1)

2*=(/5#< =*:() (x1, y1), (x2, y2) ∈ Less+ * .%4-#>( y1 ≤ y2< !#&?- a ≤ x2 ≤ b *
f(x1) ≤ y1 ≤ y2 ≤ g(x2) @..")+

dist((x1, y1), (x2, y2))
2 = (x1 − x2)

2 + (y1 − y2)
2

≤ (b− a)2 + (g(x2)− f(x1))
2

≤ |SL|
2 + (g(x2)− f(x2) + f(x2)− f(x1))

2

≤ |SL|
2 +

(

‖L‖0 +

∫ b

a

|f ′(t)|dt

)2

≤ |SL|
2 + (‖L‖0 + |SL| · ‖f‖1)

2

�A($- t ∈ K+ .*:( ωn = i1 . . . in ( .*9%B#"( $* 4(8('/(. .(&".1(2*#$-
t ∈ Jωn

∀n, wn+1 = wnin+1< 6-/ -#.&/%C?-+ γn(t) ∈ Less
ωn

+ %:- $"D)*&/- Dωn.(&".1(2
(Dωn

)2 ≤ |SLωn
|2 + (‖Lωn

‖0 + |SLωn
| · ‖fω‖1)

2E-)- t 7→ Ft ∈ C
1 7 -#&0#%(+ supt ‖Ft‖1 =M <∞ * 4-/&(#&-

(Dωn
)2 ≤

(

2

3

)2n

+

(

ǫn+1 +M

(

2

3

)n)2

→ 0.F-G- γn(t) ∈ Less
ωn

7 .*9%B#"( *) -)4(&- -) $"D)*&/-. &*#$*#$- (2*/-+ 8-G- -#'*/G* (- H#"- 4-#&- γ(t) ∈ ⋂

n∈N L
ess
ωn

<
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"# $%&'( '* % %+,-*#.&%/0' %1*% 2% $314 5#+ 6-# % '.5#+,7.1% 8-.1$'+*#9 :#;% ε > 0 # n &%4 6-#
(

2

3

)2n

+

(

ǫn+1 +M

(

2

3

)n)2

< ε2<# t ∈ ⋃

ω∈Ω∗,|ω|≤nGω( #.&0' γm(t) = γ(t) =%+% &'>' m ≥ n?<# t ∈ Jω =%+% %4,-* ω '* |ω| = n( &#*': 6-# γm(t), γ(t) ∈ Less
ω =%+%&'>' m ≥ n( #.&0'

dist(γm(t), γ(t)) ≤ Dω ≤

√

(

2

3

)2n

+

(

ǫn+1 +M

(

2

3

)n)2

< ε,='+&%.&' % '.5#+,7.1% 8 -.1$'+*#?@'&# &%*A8* 6-# γ = lim γn :%&1:$%B γ([0, 1]) = L? C::' =+'5% %D+'=':1/0'  ?!? !"# $%&'  !"# γ([0, t]) = Less(f, Ft), ∀t ∈ [0, 1]$%&'(!? D+1*#1+%*#.&# 'A:#+5%*': 6-# γ(Jω) = Less
ω ? "# $%&' γ(Jω) ⊆ Less

ω ='+'.:&+-/0'E =%+% % '-&+% >1+#/0' '.:1>#+# (x, y) ∈ Less
ω # -*% :#6-7.1% Less

ωn&%4 6-# (x, y) ∈ Less
ωn
, |ωn| = n F4%+' 6-# #::% :#6-7.1% #G1:&#( ='1: % -.10' >%:4-%: #::#.1%1: >% >151:0' :#,-1.&# 8 % =+H=+1% 4-% #::#.1%4 6-# $'1 >151>1>%I?J'.:1>#+# ': 1.&#+5%4': Jωn

+#4%1'.%>': K: 4-%: Less
ωn

? <0' 1.&#+5%4': $#L%>':#.%1G%>': '* '*=+1*#.&' '.5#+,1.>' % B#+'( 4',' ⋂

n∈N Jωn
= {s}, =%+%%4,-* s ∈ K. M::1*(

γ(s) ⊆ γ

(

⋂

n∈N

Jωn

)

⊆
⋂

n∈N

Less
ωn

= {(x, y)},# γ(s) = (x, y)?M,'+% *':&+#*': 6-# ' 4#*% 5%4# =%+% t >% $'+*% t = βω( #* 6-#
Jω = [αω, βω]? D%+% 1::'( :#;% ≤ % N'+>#* 4#G1',+32%O #* Ω? M::1*( 5%4#=%+% t >% $'+*% %1*% % 1,-%4>%>#

Less(f, Ft) =
⋃

w∗≤ω;|ω∗|=|ω|

Less
ω∗ , F P I.'&%.>' %1.>% 6-# Ft = Fβω

= gω? D%+% 5#+ % 1,-%4>%># A%:&% 'A:#+5%+ 6-#': '.;-.&': {(x, y) : f(x) < Ft(x) = gω(x), y ∈ [f(x), Ft(x)]} # {(x, y) : %'*#.': -*% >%: >#:1,-%4>%>#: f00...0(x) ≤ f00...1(x) ≤ . . . ≤ fω(x) ≤ gω(x) 8#:&+1&% # y ∈ [fω∗(x), gω∗(x)], 1.&#+5%4' .0'P>#,#.#+%>'Q :0' 1,-%1:? D%::%.>'%': $#L': >': '.;-.&': %1*%( &#*': % 1,-%4>%>#  P ?

DBD
PUC-Rio - Certificação Digital Nº 0912353/CA



 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"#$# ⋃

w∗≤ω;|ω∗|=|ω| Jω∗ ⊂ [0, t]% # &'(#)*# +-$+ (.#/+ 01& Less(f, Ft) ⊆

γ([0, t])2 3+.+ + #1*.+ 4-.&56#% )& ω∗ < ω /&$#) 7+ #7)*.156# &'(89-*+ 01&
γ(Gω∗) +74+ (#. ĝω∗ :& gω∗ ≤ gω; & 01& )& -<1+8+ + f̂ &$ 7# $='-$# 1$ (#7*#23#.*+7*# γ(Gω∗) ⊂ Less(f, Ft) & /+8& # 8&$+ (+.+ t = βω23+.+ t /∈ K, )&>+ t∗ = max{s ∈ K : s < t} = βω2 ?7*6# t ∈ Gω &
Ft = Ft∗2 @= /-$#) 01& γ([0, t∗]) = Less(f, Ft∗) = Less(f, Ft)2 @= γ((t∗, t]) ⊂
γ(Gω) ⊂ Less(f, Ft)% (&8# $&)$# +.<1$&7*# 4# (+.=<.+A# +7*&.-#.2B-7+8$&7*&% 4+4# t ∈ K% &'-)*&$ βωn

ց t2 C+D&$#) 01& /+8& γ([0, βωn
] =

Less(f, Fβωn
)% & (#. #7*-71-4+4& *&$#) 01&

⋂

n∈N

γ([0, βωn
] = γ([0, t]).B+8*+ $#)*.+. 01& ⋂

n∈N L
ess(f, Fβωn

) =
⋂

n∈N L
ess(f, gωn

) = Less(f, Ft)2E#*& 01& # #$(.-$&7*# 4# -7*&./+8# &$ 01& gωn
6= Ft F $&7#. 01&

|SLωn
| ≤ (2/3)n2 C& (x, y) ∈

⋂

n∈N L
ess(f, gωn

)% &7*6# &'-)*&$ (xn, yn) *+-) 01&
f(xn) < gωn

(xn), f(xn) ≤ yn ≤ gωn
(xn) & (xn, yn)→ (x, y)2C& Ft(x) > f(x)% *&$#) 01& (x, y) ∈ Less(f, Ft)2 "+)# Ft(x) = f(x) &7*6#(+.+ +4+ ǫ &'-)*& xǫ ∈ (x − ǫ, x + ǫ) *+8 01& (+.+ n )1G-&7*&$&7*& <.+74&

gωn
(xǫ) = Ft(xǫ) > f(xǫ)2 ?)#8H&74# yǫ = f(xǫ) :(#. &'&$(8#;% #D*&$#) 01&

(x, y) F 8-$-*& 4& (#7*#) 4& Less(f, Ft)% # 01& (.#/+ 01& ⋂

n∈N L
ess(f, gωn

) ⊆

Less(f, Ft)23+.+ + #1*.+ 4-.&56#% # #7>17*# {(x, y) : f(x) < Ft(x), f(x) ≤ y ≤

Ft(x)} &)*= #7*-4# &$ {(x, y) : f(x) < gωn
(x), f(x) ≤ y ≤ gωn

(x)} (+.+ *#4#
n% (#-) gωn

≥ Ft2 3+))+74# +#) A&H#)% + (.#/+ &)*= #78194+2
�
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