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ψ−1(1) = [1,+∞)7 ?*+"21!/! % (/-% 1!"/2#% !. **/1!+%1%" &*)%/!" &*/

r = f(θ) =
1 + λ

2
+

1− λ

2
ψ(cos(3θ)) !"# $%&  ! λ " #$%'!()!*!()! +,-.'*/ 0! 1 !()1/ 2 $,32)$,2 02 $,32

r = f(θ) #!,4 252#)202 0! 6!,/78,/327 @ A,/.()% 1% (/-%#(/% !. **/1!+%1%" &*)%/!" B
K =

|r2 + 2(r′)2 − rr′′|

(r2 + (r′)2)3/2
. *#! >(! K +6* "! %+()% "! r′′ < r7 ?*.*

r′′(θ) = 9
1− λ

2

(

ψ′′(cos(3θ)) sin2(3θ)− ψ′(cos(3θ)) sin(3θ) cos(3θ)
)

,

|r′′| < 9(1− λ)‖ψ‖2 = C(1− λ)7 @""2.; -2"#* >(! r ≥ λ B "(02!+#! >(!
C(1− λ) < λ⇔ 1 < (1 + C−1)λ

⇔ λ >
1

1 + C−1

�C A<2) -!/ >(! *" #/%5*" 1%" (/-%" r = f(θ), r = 1 ! r = λ 9θ ∈ R=A*/.%. "!2" )(%" D/*#%2*+%1%"E7 @ 82F(/% G7: .*"#/% !"#% "2#(%56* !+#/! *"  ! "#$%!%#& ! '()*$! +,- . #/0*#123(!, 5/ 6783/ 81 λ /*9(#:3#1#:3# )$!:%#/ 38$:!1!/ *$"!/ 6$;<(1!/ %#1!(/& # ! 9)*$! %#(<! %# /#$ #/7!$##%8$!,
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01'2%& 3456 01'2%& (/72(,8.1& ,9/.%&-:9 9/ '%8;9/ :&/ .%</ 2%=&/ r = 1, r =
λ, r = f(θ):1/9/ :( %&19 5 ( λ4 >( $&.9? 9/ 92.%9/ &/9/ /@9 (A&.&,(-.( & ,(/,& ;'2%&%(:2B1:& )9% 2, $&.9% λn4C&.2%&*,(-.(? (, &:& 2,& :(//&/ *2&/ )9:(,9/ 2/&% 9 )%9(//9 :9&)D.2*9 &-.(%19%? & ,(-9/ :( 2,& %9.&E@9? )&%& 9F.(% & 2%=& γi ( 9 &,)9
Xi 72(? /&.1/$&B(, 9 (-2-1&:9 :& "%9)9/1E@9  43 -& *2& Li? )&%& &:&
i = 0, 1, . . . , 54 G2(%(,9/ :(;-1% 2,& 2%=& γ ( 2, &,)9 X -& 9%9& 1%2*&%
{r ≤ 1} \ {r ≤ λ}4H &,)9 X I :(;-1:9 /1,)*(/,(-.( 9,9 X|Li

= Xi4 J//& :(;-1E@9(%.&,(-.( '(%& 2, &,)9 9-.D-29? )91/ 9/ &,)9/ Xi /@9 .&-'(-.(/ K/ *2&/?72( 91-1:(, C∞ -&/ /2&/ $%9-.(1%&/4L .(-.&.1=& :( MN2-.&%O &/ 2%=&/ 2,& &)P/ & 92.%& $2-19-& F(,? )9%72((, 72&/( .9:9/ 9/ &/9/ γi .(%,1-& (A&.&,(-.( 9-:( γi+1 9,(E&4 L Q-1&/1.2&E@9 72( (A1'( &.(-E@9 I & )&//&'(, :& Q*.1,& *2& 1-.(%19%?  ? )&%& &)%1,(1%& (A.(%19%? 3? (, 72( /( $&B -((//8%19 72( & 2%=& =9*.( )(*& *2&  &.IR('&% -9 1-D19 :& 34>(;-1,9/ )%1,(1%9 &/ $2-ES(/ &2A1*1&%(/ hi(t) = 8·
t−(λ+ i

8
(1−λ))

(1−λ)
, i = 0 . . . 7
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !" Θ(t) = π(1 − t) + 4πt
3

#$%%&'()*+ ,&"- ".$/$'")/" +'+ )+ *"%")1+-$ 2&$  /"3'()$ "' θ = π45 6$'78' 9$2" $ :")$ *";)(3 +% ()/"39$2+%
Ji =

[

λ+ i
8
(1− λ), λ+ i+1

8
(1− λ)

]

, i = 0 . . . 75 <+/" ,&" hi 2"9$ Ji "' [0, 1]-"),&$)/+ Θ 2"9$ [0, 1] "' [

π, 4π
3

]5=">$ ")/?+ γ : [λ, 1]→ R
2 :

γ(t) =























γi (hi(t)) , 0 ≤ i ≤ 2 " t ∈ Ji
(f (Θ (h3(t))) ,Θ (h3(t))), t ∈ J3

γi (hi+1(t)) , 2 < i ≤ 5 " t ∈ Ji+1

(1,Θ (1− h7(t))), t ∈ J7<+/" ,&" $ %"@&)*$ " $ ,&$3/$ 2()1$% "%/?+ "' ++3*")$*$% :+2$3"%5 A ,&$3/$2()1$ :"3+33" + B3&2+ '$(+3 *" 4π/3 #;)$2 *$ 2&$ L54 $ π #()B(+ *$ 2&$ L045C+' (%%+- )D% +7/(9"'+% &'$ &39$ ,&" :3"")1" $ +3+$ (3&2$35E3"(%$'+% $@+3$ 9"3 ,&" Kt := γ([λ, t]) ∪ {r ≤ λ} 8 +)9".+ :$3$ /+*+
t ∈ [λ, 1]5 E+3 #CFG- :5HIF- +7%5 H4- 7$%/$ 9"3 ,&" $ J3+)/"(3$ *" Kt 8 &'$ &39$+)9".$5 A28' *(%%+- :+3 #CFG- :5H!I- E3+:5 K4- 7$%/$ 9"3 ,&" $ &39$/&3$ *"
Fr(Kt) )?+ '&*$ *" %()$25=" t ∈ J0, γ([λ, t]) = γ0([0, h0(t)] ⊂ L0 " :"2+ L"'$  5KM- +()(*" +'
Less(f(0), Fh0(t))- "' ,&" f(0) 8 $ '")+3 J&)N?+ ,&" J+3'$ L05 A%%('- $ J3+)/"(3$*" Kt 8 + /3$N+ *" Fh0(t) "' L0 " &' %"@'")/+ *" B3&2+ *" 3$(+ λ "' L1 " L25C+'+ /$)/+ + B3&2+ ,&$)/+ Fh0(t) /O' &39$/&3$ $J$%/$*$ *" P"3+ #9"3 L"'$% 5KK " Q5K4- %"@&" ,&" Kt 8 &' +)>&)/+ +)9".+5R$ '"%'$ J+3'$- %" t ∈ J1- /"'+% ,&" γ[λ, t] = Less

0 ∪ γ1([0, h1(t)]) " :+3&' $3@&'")/+ +':2"/$'")/" $)S2+@+- Kt 8 +)9".+5 T"%'+ 9$2" :$3$ t ∈ J2" /$'78' t ∈ J3- >S ,&" γ(J3) ⊂ γ(J0 ∪ J1 ∪ J2)5=" t ∈ J4- γ([λ, t]) = Less
0 ∪Less

1 ∪Less
2 ∪γ3([0, h4(t)])5 <"%%" $%+ $ J3+)/"(3$*" Kt 8 + /3$N+ *" Fh4(t) "' L3 " &' %"@'")/+ *$ &39$ r = f0(θ)5 C+'+ $&39$ r = f(θ) /"' &39$/&3$ $J$%/$*$ *" P"3+- '$(% &'$ 9"P %"@&" ,&" Kt8 +)9".+5 E$3$ J5 " J6 8 +':2"/$'")/" $)S2+@+- " γ(J7) ⊂ γ

(
⋃

0≤i≤6 Ji
):+3/$)/+ +7/(9"'+% ,&" γ /"' $ :3+:3("*$*" *"%">$*$5E$%%"'+% ")/?+ U +3+$ ")/3" +% B3&2+% *" 3$(+ λ " λ25 V' [λ2, λ] *";)$

γ(t) = λγ(t/λ)5 <+/" ,&" "%/$ +)/3$N?+ )?+ *('()&( $ &39$/&3$ *$ J3+)/"(3$*" Kt5 A28' *(%%+- γ(λ) +()(*" +' $ *";)(N?+ $)/"3(+3 #@3$N$% U W+33"N?+X,&" 8 J"(/$ "' J74- 2+@+ *";)('+% &'$ &39$ +)/B)&$ %$/(%J$P")*+- :$3$ /+*+
t ∈ [λ2, 1]- ,&" Kt = γ([λ2, t]) ∪ {r ≤ λ2} 8 &' +)>&)/+ +)9".+5R$ '"%'$ J+3'$- :+*"'+% *";)(3 γ "' [λn+1, λn] J$P")*+ γ(t) =

λnγ(t/λn) '$)/")*+ $ :3+:3("*$*" *" ,&" Kt = γ([λn+1, t]) ∪ {r ≤ λn+1} 8+)9".+5 Y$P")*+ γ(0) = (0, 0)- /"'+% ,&" γ 8 &'$ &39$ +)/B)&$ ,&" %$/(%J$P
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