
 !"#%##&'# #()*' +,-./-", !"#$% &$''$ ()&*)% !+, ($"#!&*, &,*!",-. '$"/ 0!$ $+ ,-#!+ '$&*12), !"4, γp $71'*$ !+, K&1, L+<2!-) "$(,",+$*"1M,9@$'N !"4,
αp 21;$"$&1/4$- )+ 4$-)12,2$ &:)O&!-, *,&#$&*$ , X (,'',&2) ()"
pB 6&*:) ) ,+() 2$4$ ($"+,&$$" !&1,+$&*$ 1&*$#"/4$- )+ , &)4,2$8&19:)% 1'*) J% 87) p% 0!,-0!$" !"4, *,&#$&*$ L&) &)4) )&$1*)N , X(,'',&2) ()" p *$+ '$! *",9) )&*12) &) *",9) 2$ αpBP&,-1',+)' ,Q,17) 0!,*") )&$1*)' D&,*!",1'EB R)"J+% ,2, !+ 2$-$';,-I, )! &) 1*$+ G L;)"*$ 2$+,1'N )! &) 1*$+ H L;",) 2$+,1'NB !"# $%&'( )*+$) %,+-$% ) ,%$.-$%R"1+$1",+$&*$% 2,2, !+, !"4, γ &) (-,&) $ !+ ,+() 2$ 21"$9@$')&*>&!) X % 2$8&,

hX(t, s) =
|
〈

γ(s)− γ(t), X⊥(γ(t))
〉

|

‖X⊥(γ(t))‖2
.S+, ("1+$1", 12$1, 2$ D*,&#=&1,E ()2$"1, '$" *$&*," , '$#!1&*$ 2$8&19:).
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !
"#$%&' %()*&(,(-./ "#$%&' %()*&(,(-./

01'2%& 3456 7/ 891/ )%1,(1%9/ )&//9/ 8& 9-/.%2:;9 8& 2%<& -& )%9<& 8&"%9)9/1:;9 34=> 9, n1 = 4 ( n2 = 64 #;9 ,9/.%&8&/ γ1 ( γ24 !"#$%&' ()*  !" $%&" γ ' ()*" +,*"-./-*/ " $! "!01 (/ ()%/23/4 X 4/0"%" *1(1 t5
lim
δ→0

MX(t, δ)

MX⊥(t, δ)
= 0,/! 6$/ MX(t, δ) = sup{hX(t, s); |s− t| < δ}7?9 (-.&-.9> (//( 9-(1.9 /( ,9/.%92 $%&9 8(,&1/> )91/ <(%1@&,9/ A2()98B&,9/ .(% 2%<&/ 8( "(&-9 CD.&-'(-.(/ & 2, &,)9 E9%1F9-.&*4+,'-'.$%&' ()/ 89)4*/ $!" $%&" (/ :/"-1 (/;-)(" -1 6$"(%"(1 $-)*<%)16$/ ' +,*"-./-*/ " X = (1, 0)7:%1&"4 #(G& n1 < n2 < . . . < nk < . . . 2,& /(A2H-1& (/.%1.&,(-.( %(/(-.( 8(-I,(%9/ )&%(/4 J9-/18(%( 9 )%9(81,(-.9 2/2&* 8( K1*L(%. )&%& (-9-.%&% 2,&2%<& 8( "(&-9M ,&/ (, <(F 8( 81<181%,9/ 9 A2&8%&89 (, A2&.%9 A2&8%&89/,(-9%(/> <&,9/ 81<181D*9 (, 2n1 %(.N-'2*9/ 8( .&,&-E9 1/n1 × 1/2 .%&:&-892,& %(.& <(%.1&* ( n1 %(.&/ E9%1F9-.&1/4 O &8& )&//9 81<181,9/ &8& 2, 89/%(.N-'2*9/ (, 2nk %(.N-'2*9/ ,(-9%(/> 9,9 ,9/.%& & @'2%& 3454P()91/> 9-/.%2B,9/ 2,& /(A2H-1& γ1, γ2, . . . .&* A2( &8& γk )(%9%%( 9/%(.N-'2*9/ 8( 9%8(, k> %(/)(1.&-89 & 9%8(, A2( γk−1 )(%9%%( 9/ %(.N-'2*9/8( 9%8(, k − 1M <(G& -9<&,(-.( & @'2%& 3454Q/.& /(A2H-1& 9-<(%'( & 2,& 2%<& 8( "(&-9 γ .&* A2(

γ
(

[ i
2kn1...nk

, i+1

2kn1...nk
]
) R 9 iDR/1,9 %(.N-'2*9 8& kDR/1,& 81<1/;94S&,9/ ,9/.%&% A2( (//& 2%<& γ R CD.&-'(-.( &9 &,)9 E9%1F9-.&*

X = (1, 0)4 01T( t ∈ [0, 1]4 "&%& &8& δ > 0 (T1/.( k .&* A2( 1

2kn1...nk
< δ ≤

1

2k−1n1...nk−1
4 U9,( i .&* A2( t ∈ [ i

2kn1...nk
, i+1

2kn1...nk
]4 ?9.( A2( (T1/.( s -(/.(
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"#$"% &'(#)*+,% (+, -.#
hX⊥(t, s) ≥

1

2k+1
./%"% (t−δ, t+δ) ⊃ [ i

2kn1...nk
, i+1

2kn1...nk
]0 %',.2"%$ -.# MX⊥(t, δ) ≥

1

2k+1 3 4,5"6&$$% MX(t, δ) ≤
1

n1...nk−1
3 7#$$+ 8%)"+0

MX(t, δ)

MX⊥(t, δ)
≤

2k+1

n1 . . . nk−1

,-.# (#'6# + 0 -.+'6% k →∞0 &$(% 50 -.+'6% δ → 03
�9 :%$$2*#, "%$()+) -.# + .)*+ γ 6% ;#%)#"+ !3! 5 <=(+'>#'(# +% +":%

X 6% "#$"% (#%)#"+3 !"#$% &'()+& ,& ,&-+.%,% ,+-&+/0%1 ,% %123-%?.()+ &65&+ 8%& :#'$+) '."+ #$:5&# 6# 6#)&*+6+ 6&)#&%'+, 6+ %":%'#'(#+,(.)+0 6#@'&6+ %"% '% &(#" +'(#)&%)A !"#$%&' ()*  !" $%&" γ ' ()*" +,*"-./-*/ " $! "!01 1-*2-$1 X 3/0"%" *1(1 t

lim
s→t

hX(t, s)

s− t
= 0?. $#B+0 + 6#)&*+6+ 6&)#&%'+, '+ %":%'#'(# +,(.)+ 5 C#)% #" (%6% :%'(%34 D%+ '%(2&+ 5 -.# + E8)+-.#C+F 6% &(#" +'(#)&%) 'G% +%'(## "+&$A+,'-'.$%&' ()( 4/ γ ' +,*"-./-*/ " X = (1, 0) /-*51 γ ' 61%)71-*"8 /9 /!0"%*)$8"%9 -51 ' $%&" (/ :/"-1;:%1&"3 H# γ(t) = (x(t), y(t)) #'(G% hX(t, s) = y(s)− y(t)0 6# "%6% -.#

lim
s→t

hX(t, s)

s− t
= y′(t).4$$&"0 y′ ≡ 00 % -.# &":,&+ -.# y ≡ %'$(+'(#3

�I% #'(+'(%0 % %'#&(% $# "%$()%. 8%)(# 6#"+&$0 :%&$ $# γ 5 7=(+'>#'(#+ ." +":% %'(2'.%0 #'(G% γ([0, 1]) (#" J)#+ C#)%0 # #" :+)(&.,+) 'G% :%6#$#) .)*+ 6# K#+'%3+,'-'.$%&' ()/ 4/ γ ' +,*"-./-*/ " $! "!01 1-*2-$1 X9 /-*51 γ([0, 1])*/! <%/" 7/%1;
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  ! !"#$" #$%& ǫ > 0" '()( (+( t, &%$-.& $/.&)0(12 It 2/.&/+2 t .(1 34&
s ∈ It \ {t} ⇒

∣

∣

∣

∣

hX(t, s)

s− t

∣

∣

∣

∣

< ǫ5167 +$--2, It 82+& -&) &-219$+2 -4:$&/.&7&/.& 8&34&/2 8()( 34& hX⊥(t, s) ≤

1 8()( .2+2 s ∈ It ;2/.$/4$+(+& +& γ<"'2).(/.2 γ(It) &-.= 2/.$+2 /47 )&.>/?412 +& (1.4)( ǫ|It| & 1()?4)( @ ;272- 1(+2- /( +$)&AB2 +& X(γ(t)) & X⊥(γ(t))<, +& 72+2 34& =)&((γ(It)) ≤ ǫ|It|.C(.4)(17&/.& ( 4/$B2 +2- ItD- 2E)& [0, 1], &/.B2 2/-$+&)& 47( -4E2E&)F.4)( :/$.( It1 , . . . , Itk +& 72+2 34& /&/947 82/.2 &7 [0, 1] 8&).&/A( ( 7($- +&+2$- $/.&)0(12- ;-& /&&--=)$2 G2), 82+&72- )&+4H$) 2 .(7(/92 +& (1?4/- Itj D--&7 8&)+(<" 5--$7, =)&((γ([0, 1])) ≤ k
∑

j=1

=)&((γ(Itj ))
≤ ǫ

k
∑

j=1

|Itj |

≤ 2ǫ,2 34& 2781&.( ( 8)20("
� !"#$%&'() *+$,+$,( - .+/(I&J( 0 ≤ ∠(X, Y ) ≤ π/2 2 >/?412 &/.)& +4(- +$)&AK&- )&8)&-&/.(+(- 8&12-0&.2)&- /B2F/412- X & Y +& R

2" !"#$%&' ()* %&$ (!#$ γ ) *+,$ -.,$/01/,1 $ (& $&2" "/,3/(" X 412$!$ ,"*" t5
lim
s→t

∠(γ(s)− γ(t), X(γ(t))) = 0,"(5 16(+#$71/,1&1/,15
lim
s→t

hX(t, s)

hX⊥(t, s)
= 0,"/*1 "4 7+&+,14 $+&$ 48" ,"&$*"4 $21/$4 /"4 s 1& 6(1 γ(s) 6= γ(t)9L-.( +&:/$AB2 .(7E67 -& 72-.)24 G2).& +&7($-, +&0$+2 (2 -&?4$/.&)&-41.(+2M+,'-'.$%&' ()/ :1;$ γ (&$ (!#$ -.,$/01/,1 $ (& $&2" "/,3/(" X9 :1 Σ) (& 410&1/," *1 (!#$ 41& $(,".+/,1!41<8" 1 ,!$/4#1!4$7 $" $&2" X5 1/,8"

γ([0, 1]) ∩ Σ ) 1/(&1!=#179 >& 2$!,+(7$!5 γ /8" ) (!#$ *1  1$/"9
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%   !"#$%& $'()%'+',-.
L

X(γ(t))

Σ

/,'
01&2$% 3456 !$/7% 8% !$/(/.19:/ 34;4 !"#$4 "'<% γ(t) ∈ γ([0, 1]) ∩ Σ4 =/+/ Σ > -$%,.7'$.%) % X ? .'&2' @2' 'A1.-'

δ > 0 -%) @2' .' It = (t − δ, t + δ), γ(It) ∩ σ = ∅4 B../ > 7'$8%8' (/1.(/8'+/. #%C'$ δ .2D1',-'+',-' ('@2',/ (%$% @2' (%$% -/8/ s ∈ It 7%)E%
∠(γ(s)−γ(t), X(γ(t))) ≤ ǫ? (/$-%,-/ γ(It) '.-F ,2+ '$-/ G/,'H I/+/ +/.-$%% D&2$% 345J '? %..1+? (%$% δ .2D1',-'+',-' ('@2',/ γ(It) '.-F %#%.-%8/ 8'
Σ4 K..1+? /. (/,-/. 8' γ([0, 1]) ∩ Σ '.-:/ 1./)%8/.? )/&/ > ',2+'$F7')4

� ! "#$#%& '(#)*+$& ,& '+./0 C∞ %/(1&(%&0 / XL.-' /,'1-/ 8' -%,&M,1% > .%-1.#'1-/ (%$% % 2$7% 8/ N'/$'+% O4O (/$/,.-$29:/? +%. ')' .' +/.-$/2 #$%/ 8'+%1.4 !"#$%&' ()* %&$ (!#$ γ ) *+,$ -.,$/01/,1 $ (& $&2" "/,3/(" X 41 )5+&+,1 (/+6"!&1 *1 (!#$4 C∞ 7(1 48" ,$/01/,14 9/" 41/,+*" (4($5: $ X;+,'-'.$%&' ()/ -1<$ X " $&2" 1 γ $ (!#$ "/4,!(3*"4 /$ 2!"#$ *$ !"2"4+=8" >;?; @/,8" 7($57(1! (!#$ "/,3/($ σ (<$ +&$01& 14,A "/,+*$/$ +&$01& *1 γ ) -.,$/01/,1 $" $&2" X;P%$'+/. %@21 2+ '.Q/9/ 8% ($/7%4 !"#$4 !%$% %8% n ,%-2$%)? /,.18'$' % #%+R)1% 8' )2%. Lω /+ |ω| = n?8'D,18% ,/ =%(R-2)/ 54 "'<% Gn % 2,1:/ 8%. #$/,-'1$%. 8'.-%. )2%.4 !/8'+/.+2,1$ / /,<2,-/ Gn 8' 2+% '.-$2-2$% 8' &$%#/ SQ71%? /,8' /. 7>$-1'. .:/(/,-/. 1,11%1. /2 D,%1. 8%. )2%. '..',1%1.4 T+% %$'.-% )1&%,8/ 8/1. 7>$-1'. >2+% 2$7% @2' #%C (%$-' 8% #$/,-'1$% 8' 2+% 8%. )2%. Lω4UQ.'$7%+/. %. .'&21,-'. ($/($1'8%8'. 8% #%+R)1% 8' &$%#/.6 P%8/ @2%)V@2'$ ǫ > 0 'A1.-'+ δ > 0 ' n ∈ N -%1. @2'6
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 !"#$% &' ('$)* '  $+,*% &' -."'/0'%  !"# $ &'()'*& +&, -./*01, +1 Gn . (δ/3)2+1',& '3 4)3 L = γ([0, 1])#5# 61 v7 w ,8& -./*01, +1 Gn &9 +0,*:'03 1)40+03'3 91'&/ ;)1 δ 1'*8&1<0,*1 )9 390'=& +1 3/1,*3, 40>3'+& v 3 w ;)1 1,*? &9@41*391'*1&'*0+& 19 B(v, ǫ)7 3 A&43 1)40+03'3 +1 1'*/& v 1 /30& ǫ#B&*1 ;)1 δ < ǫ#C>&/37 &',0+1/1 )93 )/-3 &'*D')3 σ : [0, 1]→ L# E0<1 *39A.9 ǫ > 0#F39&, 1'&'*/3/ )93 )/-3 C∞ *3'>1'*1 3 X ;)1 . 2ǫ2@/G<093 +1 σ7 ,1>)0'+&&, ,1>)0'*1, @3,,&,HI/0910/&7 ,1(39 δ 1 n ∈ N &9& 3093# 61(3 m ∈ N *34 ;)1 @3/3 *&+&
j = 0, 1, . . . , m − 17 1<0,*1 )9 -./*01 vj +& >/3J& Gn *34 ;)1 σ([j/m, (j +

1)/m]) ⊂ B(vj , δ/2) K9 @3/*0)43/7 3 +0,*:'03 1'*/1 vj 1 vj+1 . 91'&/ ;)1 δ#I&/*3'*& 1<0,*1 )93 390'=& +1 3/1,*3, 40>3'+& vj 3 vj+1 &'*0+& 19 B(vj , ǫ)#L),*3@&'+& 1,*1, 390'=&,7 &A*19&, )93 )/-3 C∞ @&/ @1+3M&, *3'>1'*1 3&39@& X7 ;)1 . (ǫ+ δ/2)2@/G<093 3 σ#N&9& ǫ+ δ/2 < 2ǫ7 @&+19&, /1@3/391*/0O3/ 1,*3 )/-3 +1 9&+& 3 &A*1/)93 )/-3 C∞ ;)1 *19 -14&0+3+1 O1/& '&, -./*01, v07 # # # 7 vm7 1 . 2ǫ2@/G<093+1 σ# �
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